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PREFACE
This study is presented as a contribution ro the method-

ology of measuring health status. Among the objectives of the
National Center for Health Statistics is the development of new
teclmiques in health meaSllrement.

Although it is genera1ly conceded that mortality statistics
no longer provide an acleqllate meaSllre of the health status of
a poplllation. no gene rally accepted method of measuring health
in terms of both mortality and morbidity has emerged. Dr. C.
L. Chiang of the School of Public Health, University of Cali-
fornia. was invitecl to develop mathematical moclels which might
serve as the basis for a general inclCxwhich reflects morbidity
as \Vell as mortality. The models which have been developed
represent one of many possible approaches to the problern.
Ir is hoped that the publication of his work wiU lead to more in-

" _~ ..rensive_investig8tionoLbctht:he conceptual. 8nd,rhe m8themat-
ical problems invol ved in constr llcting such an indexo

As pointecl out by the author. further testing is needed to
determine whether the rnodels presented provide a good de-
scription of observed data.

~~~------------------..... '- ------ .._-----------
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AN H~DEX OF I-IEALTH:
MA TI-lEMA TICAL MODELS

C. L. Chiang, Ph.D, Sclzool of Public llcalllz, University of Calzjonzia, Ber!wley

-~".-

1. INTRODUCTION

The state of health of a nation is one of the
most important aspects in the study of a human
population; but the lack of quantitative measures
to assess health has always been ;) problem in
the field of public health and welfare activities.

;Ihe purf,o.s~ o~~~l~ i_~.~~~~<s.}.!~~t~¡Dl~-
~l.W£.~~,tg¿;,.".9~,Q:~,.,l:).¡~.RWe.9fJ~gJIb, 'jJ
~1l:.s1~1!l~sL¡J~!i.~~,£b';?n(!y~Li1,&i,y.~IJ¡;>¥£~8~l-~f
~ •••~\lc.b.~~~1:r .•~~.

Ibe ..!,lea~th•••~L~~g~p~la~t_ioIlMUJ1,.pa~{!,il.);~c-
tjo~ ci: .SUC'h dCmos;rap21Ic-~:;;~~lU~,~".é\~c;..~~)~.f;;,,':,
~(f poss,lBIv rllec. l:eol* of different ages and
•••. -t •• ~I"'io:~."~"'~.~"'4~

sexes have different susceptibilities to disenses,
and diseases may act differently upon them. To
describe the health status adequately, the poplIla-
tion should be divided into subpopulations aecord-
ing to these variables. For conveniencc of presen-
tation, however, these subpoplllations will be as-
sumed homogeneous with respect to all demo-
graphic variables except age. From the public
viewpoint, a simple and eomprehensive index of
the current state of health is most desirable.~-
&ru~ of.1l¥1.~>i~.;Q.t, ..m~.JU'.Q~~n__!l~~,
~~atist~~~~" appro~~h ~~~~~?,,~5-'J1in.;~¿Shs!~J.k1~\i.d
investi,g~::.:'..J?!~_.E~jS)~8,~yJil-¥~lt.&~.
'rhe state oi health is best measured by the fre-
quene ami d7:ii~atro'"ñO'tmñéss~1i~"'ilie..¡~~4,y
••• :~~ ..*",1"""""_"*'*,~_L\'l<_\l'~ •••~;'''' •• 'l~:.-'...-~_:::_;u- ,;;.'~,::-~•.;O+•• "" • .:~.,,_ 0 •• """'_,...... • ",.J¡¡
~~~~~n8"' .•J¡>1_t~~,.,~~rrJR~rg()l~';H~~. Thesc
components taken together give a comprehensive
picture of health; separately, each describes an
aspect of the state of health.

'1'0 measure thu.r.~.1£L2Lij!~~~",~~e
need to know the number of illnesses occurring in

b n lIII'll!(_tMo'..a., ••,•.ll!"""'~~'.,..ll>_._' ,.t •••1<':,~~,\-.•~ •. tJ( '2"":'~"',,,)_ .•••..~."~,' .••••• \'<' ,'"-" , .~;;;;~. _••••

a calel1dar year to c<leh individual of ,\~,iy~~ aii,e
grou[7 a";üiillé 'dT;ti-ii;Liti~;üf'r'hc' sÍlbpopula tion VI ith
~_'''A'':Il.,'liiI'.~\ .•..'¡'O'•.••.j(_¡.'''"'*', •••i;.~.:r.."i;'lIf,.i;..<''¡".¡, .• ,,: ;"~"'''''''''~-.'.'l.iÓ k '"'''~'''''_(~''''' -.:~.~.•_-•.~.•"._ ..,. ,;.-".....:>,.",,,-,.,,,\-- ." .' .,;¡}

!.£¿¡J?~,£1.J5Lttli,?.."vª~i!\1l,)~¥•. A mathema tIcal mode l
will be devclopecl in seetion 11.Although the modcl
is not specifically developed for a particular typc
of illness, the general line of approach applies
equa11y welJ for any speeifie disease. 111e derivc:d
probability distribution eharacterizes the pattern
or' proncness and susceptibility of a subpopulation
to disease; it also provides 3n easy means of cal-
eulating incidencc ane!prevalence rates. The mean
number of illnesses anel tbe corresponding stDnd-
ard dc"i:.:ttion \vill serve to n1eQF;U1"C' rhc 8.ver:J.gc

proneness and its variability for each subpoplIla-
tion. Furthcrmore. a11tbese measures can be uscd
for comparillg subpopulations 01' summarizéd for
the entire nation. As a test the sug.gcsted modd
is fined ro actual data from a sickness sllrvey.

The severity of an illness varies with the <1is-
case and the individual eoncerned. lt does not lend
itsclf to quantitativc measures except as it is re-
lated to dllration or to tennination in death. In
Rection III \Ve present the derivation of a general
model for the duration of illness, whieb again
applics citber for él particular disease or fOl"aH
illnesses. Beeause of lack of data, no attempt is
made to find a specifie function; howevcr, alter-
native approaehes are described in detail.

Since dcatb must be rclated to ill health in a
population, a study of health is noteomplcte \\'ith-
out considering the mortality rate. Mortality is
evaluated from the standpoint of health in see-
tion IV.

While studies of the eomponent variables
give a more detailed picture of the state of hcalth,

•• _ .••.•••• •••• ~ ~ •. _- _~ w __ ~_,... _ ~"'t'"",!",<_.--~,__ .:+- .•••• __ .•.•• ...--_ ..• •• ~



(3)

.1

(2)

n=1,2, .

n!

+ Pn-I(t) [X[h + o(h)] + 0(11).

P jN=n} =

..!i.. Pn (t) = - XIPn (t) + XIPn-I (t),
dt

For a period of 1 year i.e., for (= 1 the random
variable N has the distribution

(4f
the remall1l11g equations are solved successively
togive the probabilities I

I [1 1n (5)- o/ XTdr o/ XrdTJ
P

n
(t) = e , n=1,2, ...

n!

The first equation has the solution

!
Transposing Pn(t), dividing through by h, andl
takiJ1g the limit as h tends to zero, yield a sys-
tem of differential difference equations.

ability Pn_I(t)[Xth+o(h)];and (e) n-2 ilInesses
or less in (0, t) and two or more in (t, t+h), i

with a probabilityof 0(11). Takingthe8epossibili-1
ties together we have the formula:

(1)P
n

(O = Pr { N (t) = n I N (O) = O} .

11. PROBABILlTY DISTRiBUTION
OF THE NUMBER OF ILlI'-IESSES

COl1sider the time interval of 1 year (0,1),
and for each t, ° ~ t ~ 1, let the random variable
N (t) be the number oí ilInesses that an indi-
vidual has during the time interval( 0, (), with
N (01=0. The purpose of this section is toderive
the probability distribution of the random variable
N(t), I

deveIopment of a single measurc summarizing the
information for the entirc popuLuion is also es-
sential. Based on the ideas in the preceding sec-
tions, a health index is derived in section V. An
adjusted index is suggested in section VI.
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1,1,:1", ,1. This probability function is an idcalization of the
1'1 j proportion of people in the population having n:11 illnesses, for n ~ o. 1, .. , • during the interval
,t. (0, t). When an explicit form for the probability

1

:ji function is derived and computed for each value of
',' 1,1 n, we have a mathematical representation of the
1:: 1 state of health of the IJOpulation in terms of the
I \ 1, >\.11 number of illnesses._.,~~~i.,. ..,_ An assumption underlying tbe probability di8-t
il

tribution (n-is that the probabilityofoccurrcnce

[

! J ,1 of an illness during the infinitesimal interval
1 j1'l' ((,t+hlequaIs Xth+o(hl, where XI isafunc-
r 1 ¡ tion of time t and o(il) is a negligible quantity when
Ir.i~ h tends to zero. In essence. this means that the
~H1 probability of an illness occurring within an irifin-

~t'¡!¡,".,:,!,,'l,,:.'t, ,';'1': itesimal time interval is a function of time and is.; independent of the number of previous illnesses.
This assumption leads to a system of diffe~ential

,i~,1,' 1 difference equations for Pn(t). Consider twocon-
!~t ~ tiguous time intervaIs, (0, tI and (t, t+h). Exactly~h n illnesses can occur in the interval (0, t+hl

ti t l in three mutualIy exclusive ways: (a) n illnesses
'H n will occur in (0, tl andnone in (t, t+h) witha prob-~n¡ ability Pn(t)[l-Xlh-o(h)]; (b)n-lillnesses'j¡'q¡ will occurin (O,t}_andonein «(,t+l1) withaprob- n=O,l •. , . (;6)
i !,;,1 IiHf 'To ;"die," •• pl;e;'" "."he .0'01"" dmlopedfo," ,oh- 'i¡¡, P"Pol."O", '"' .,e ,,"op '," ,"',e,;p' , ,'oold 1><.dded ;0 ,'e Within a pedod of 1 ye", the instantonehus
':,1\':1" ~" appropriateplaces. For th'e sake of simplicityof prescntation, probabilitv XIh + 0(11) of occurring illness néed

. howcver, such a subsccipt" will nOl be uscd in this section oc in J
~~.j 1 scctionfII. not ,be dependent upon time t, and Al may be

I~ ~~ jl

'[;¡ .J

'IHI 1!'iI 2 ; ¡
. 11 I :
'~ll J fj, f11 :
~{,""~ "'.ffl""",."r"''''',''''''''''-r''O''''' .""•••'"",.,..,..•...""~.•.., •"''''';,',",--.,.,,,." ","',",.A •,."""" ,..,..".•,'.~,. "'''''''' - ¡

L '-- .- ..- '•• -'1-'



"

)'
,í

3

(13)

(15)

(14)

(12)

(11)

(9)

(10)cx-Iy e-Y dy
00

f
o

ex

7

ex -1
A=--

{3

(a_l)CX-1 (3e-(a-l)
¡J(A) = -----~._---

na)

(JcxAa- I e-13A
g(A)dA - --------- r (a)

(f 2
A

r(a) =

and

After reaching the maximum value, ~ (A) de-
creases as A increases and assumes a valuc of
zero as A tencls to infinity.

1'he expcctation and variance of Amay be di-
rectly computed from (9):

and reaches a maximum of

where the gamma function r(a) is defined by

1'he ranges ofthe constants for which (9) is defined
are ex ~ O and {3> O.

nle function g (Alstarrs at A= 0, increases
as A increases at arate of

Choice of function g (xl dAis dependent upon
the health condition of the particular group of
people in questioll. lt appcars, however, tbat tbe
following fUllction mal' describe the distriblltion
in general:(7)

(8)
n=O,J., ...

n=O,l,2, .. ,

!-A n
P {N=nl= _e__

1
_A_ g(A)dX

n.

where the integral extends over a11possible values
of A. 1'be probability distributi on of ill.nesses
will be a weighted average of the prohability func-
'ti.on (7)~with tbc ,density function g (Al á>. em-
ployed as weights; that is,

Roughly, formula (8) may be interpreted as
fo11ows:

fi (A)dA= i,

1'he expected proportíon of in-
dividuals who will have n illnesses
during the year is equal to the sum
of the products of (a) the proponíon
of individuals havinga specific vallle
of A, and (b) the probability that an
individual with the specific value
of Awill have n illnesses during the
year t where the sum is taken over
aH possible va llles of A.

The constant A in formula (7) signífies an individ-
uaI's susceptibility to diseases and, as such,
is a measure of t:he degree of bis health. In
fact, A is the expected number of illnesses OC-

curring to an individual during a period of 1 yeaL
The Iarger tbe vaIue of A, the more illnesses
the individual may be expected to have.

1'he value of Avaries fr0111one individual to
another. 1'0 describe mathematicaHy the bealth
status of a population, we sha11 study the probabil-
ity distribution of A. 1'he distribution of Awill
be denoted by g (A)dA, the theoretical proportion
of people having the specified value A. Since the
sum of tbe proportions of individuals is u:1ity, the
function g satisfies the condition

assumed ro be constant. Under this assumption,
we have the 0,rdinary poisson distribution
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n=O,l, .. , (22)

The probability (22) mul6plied by the total nuJ
ber of individuals in the subpopulation is the e~-
pected number of individuals having n illnessJs
during the year, for n = 0,1,2, .... This d-
pected frequency distribution may be comparJd
with the observed frequency distribution by mem1s
of the chi-square test ro determine whether t~e
model descrihcd by (l 7) is an adequate meaSUlfC
of the stateof health. Material collected by tIlle
Canadian Sickness Survey, 1950-1951, is usedfórI
this purpose (see references 3 and 4). I

The data in the Survey were bGsed on el sample
of approximately 10 ,000 households 2 inflated Ito
give the national figures as appeared in the publi-
cations. Thus the publisheel figures are mJchI
greater than the actual counts in the samPte.
Not knowing the exact numbcr, \Ve take 13,538
as the sample size and each thousand in iheI

published data as a single count (the total popufa-
tion size is 13,538,000, see table 3). Since the
actual sample size is probably larger than 10,900
the exact chi-square values in our test shouldl be
somewhat greater. I

Two indirect measures of illness \Vere usc¡d-
the number of doctors' calls and cHnic visits
and the number of complaint periods that I an
individua 1 had during the year. For the numper
of doctors' calls and c1inic visits the mode! i8

A ¡¡¡
(3 = --~- (21)

(S~-Ñ) l
Using the estimated values -:;and í3'in (17), w i

have 1

2Scc pagc J 7 of Reí crcncc 3.

and

spectively, in (18) anel (19) anel solvingtheresult-
ing equations for o: and (3 give the estimates I

A ¡¡¡2 i
0:= (s2r¡-N) (20~

(19)

(18)

(16)

o: (l + /3)
{J2

E(N)= ;

1 (T }.2

ex = [E(X)]2

and the variance by

r (n+o:) (JO: (l+tn-(n+a), n= 0,1,
n! r (a)

Formula (17) represents a familyofinfinitely
many probability distributions, depending upon the
constants a and f3. The healthstatus of a sub-
population may best be described as a member of
the probability distribution family for which
o: and" f3 assume particular values. In order to
esdm~te these values, it is necessary to know the
observed frequency distribution of the number of
illnesses occurring ro the individuals of the sub-
population from which the mean Ñ and variance
S ~ of the number of illnesses are computed.
Substituting Ñ and S ~ for E (N) and (f~, re-

4

P {N= nf=
(17)

This probability is the expected proportian of in-
dividuals in the population having 11 illnesses dur-
ing the year, taking into account the variabili.ty
among., individuals in the population 88 described
by formula (9). The expected numbel: oí illnesses
occurring to an individual in the s'Llbpopulation is

given by

which is a measure of variation of health among
individual s in tlle subpopulation relative to the
mean health. '

Assuming (9) as the function underlying the
distribution of the population with respect to health
condition, we have from (8) the probability func-
tion of the number of illnesses during the year:

Thus che ratio o: /{J measures the average health
of a population, and the reciprocalof o: is the rel- .
ative variance,
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(30)

(27)

(29)

(28)

(26)

(25 )

-Jt
VT dT

Q (t) = eO

_c£ Q(t)=- Q (t) VI •
dt

_JI VT dT

Pr (T$ t) = 1-- eO

Q(t)=l-Pr(T$t)= Pr(T>t)

_JI VT dT + e

Q (t) = eO

Q(t+At}=Q(t) [1-vI6t-o(t>t)]

and theprobability

where e is the constant of integration. Since
Q(O) = Pr(T> O) == 1 for £=0 the constant of inte-
gration must be 0, and we have the desired so-
lution

The general solution of (27) is easily found to be

SubtraeÜng Q(t) from both sides of (26), dividing
(24) through by t> t ,and letting t. t tend to 2ero,
we have the differential equation

the probability that an individual will be il1
for a period longer than t, and the time in-
tenal U, t + t> t). In order for an individual to be
ill for a period longer than (t .•. t> t,) he must be ill
for a period Ionger than t and not reeover within
the periad (t, t+ t>t). Accordingly, the corre-
sponding probabilities have the following rela-
tionship:

(24)

(23)Pr(T$t}

Let random variable T be the duration of an
illness so that

is the probability that a person will recover from
an illness wit:hin a period of time t. We are in-
terested in an explicit funetion oí. the probability
in (23) and of the corresponding probability density
funetion of T.

Consider an infinitesimal time interval
(t, t + t> t) for t ~ O. The conditional probability
that an individual who is ill for the period of time
t wi11 recover from the illness during the inter.
val (t, t + t> t) is certainly a function of time t

and length t> t. Let this funetion be denoted by
.f (t, 6 t) . We sha11 assume that the function
f is continuous with respeet to At and has the
first derivative, say VI, at t> t "" O for ea eh pos-
sible value of t. It fo11ows from Taylor's theo.
rem that

.,!lli".......-.-'-'_W.f£_,\oW<~;.••.~""'-"..,::...:.::;~ •••.;.."'-=~.~'~:.:, •.z....;:;..,..;¡"'"""_:._ •••..L~."""'(.,,-~ •••"' •.~=,.,-,;¡~.••"'~~ ...••.•- .--"'.~~~~"""-'~~-~, ':

.,
;~
l'

ñ fitted far six age groups-under 15,15-24,25-14, where Vt is afunction of t and o(t>t) is a quan- ¡

:ft 45-64, 65 3nd over, and a11ages, 'D1e results for tity of a smaller order of magnitiJde than t> t.
~j the first two age groups and for a11ages are pre- To derive an explicit function far (23), con-

1
1;; sented in tables 1, 2, and 3. and figures 1, 2, and sider

3, respectivdy. In each of the firsttwocases, the

:Ii,~,:,~"
,1 fit is quite good. For aH ages, however, the chi-
'~ square value exceeds the critical value at the 1

" M percent level of significance.
1~~ Data on tre number of camplaint periods were
!!:~ divided into only four age groups-under 15,15-64,fl 65 and over. and all ages. Only the agegroup under
¡,¡t 15 is well described by the present model as
1~,1 shown in table 4 and figure 4.I~~¡ Although neither of the underlying randomI~i variables is that of our model, the chi-square tests
n show promising prospects when the age intervals

'I,

~,i~~.,l,."", are not too large. It is hoped that more appropriate
material wiUbe made available for funher testing.

Ilit
j
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d.~¡ 111. PROBABIUTY DISTRIBUTiON
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(34)

(33):
i

dt

dt.

dt = 1,

t-J vTdT
o

Vte

1J tf*(t)dt

(J

E (T*) =

f*(t)dt=

are dependent upon the function VI'

The general l110del (33) may be applied to a
practica1 situation by specifying thc funchon

as can be proven by direct integration. 80th tne
probability distribution (33) and the expectation 6f

I

T*,

The sum of .f*(t)dt over a11 possib1e values of
t for O~ t ~ 1 is unity or

Substituting (30) and (31) in (32) gives tbe required
model

(32)

(31)

elsewhere.

for O~ t~l,

t~ O.dt,

6

= o.

f* (t)dt = f(t)dt
P(T~ ¡)

lt should be noted that the random variable
T in the aboye mode1 is the complete duration
of an illness rather than the duratian of an i11-
ness observed within a calendar year as needed
in our formulation. In the study of the health of a
current population, we are considering a truncated .:
case, where the duration of an i11ness is defined
as thc: interval extending from the beginning of the
year (if it is an illness continuing from the pre-
ceding year) or from the date of onset to the date of
recovery, deatb, or the end ofthe year. whichever
camcsfirst. 111erefare, we shall consider a truD-
cated distribution of T. For il1nesses occuning
during thc calendar year, truncation could be made
at random. But this would result in trtmcation at
a point approximatcly 6 months after onset and
\Vould misrepresent those i11nesses having dura-
tions of more than 6 months within a calendar year.
Random truncation would further distort the pic-
ture of the entire distributiort which includes
chronic i11nesses carried over from the preceding
year. To avoid distortions, we use one year as the
point of truncation.

Let the random variable T* be the truncated
duration of i11ness expressed in unit of years. The
probability distribution, say f* (t)dt of T*, is
equal ro the truncated distribution of the original
random variable T, for T~ 1; symbolica11y.

The derivative oí (30) gives tbe probability den-
sity function of the general model of the duration

.of an illness
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(46)

(45 )

(44)

(43 )

(42)

. (41)

for t? 0,

t .••.
1

1
T

M
-v r t*

(

1' _) M e ¡-¡ I

l-e-v

A
V =

- AT*_v-1-

T*= _1_ ~
M j=l

f (t) dt - ve-vI dt,

E (T) = f~ve- vt dt ~"._1_v .
o

and we ha ve the expected duration of an illness

Now \Ve take a sample of M illnesses and record
the comjJZete duration of each illness. The ob-
served mean duration, say T, so detel'mincd is
an estimate of E (T), and its inverse isanestimate
of v,

iis the mean truncated duration of an illness and
q¡¡.. is the likelihood estimate of v. Formula (42)
c:an be sol ved fol' ~ by a reiterative procedure.
E-1y compal'ing (42) with (38) we see that the max ..
:imll!11 likelihood estimate ~may be obtained by
'c,$timating the expectation E(T") with the corre-
'::3ponding observed mean duration T*.

An alternative rnethod of cstimating v js ro
a.:onsider the probability distribution f(t)dt in (31)
(0£ the complete duration of an illness. When
W;t = v is independent of t,

M
</J1'"= n

;=1

ns'pical statistical appl'oach is to use tlle method
e.'?T maximllm likelihood. Considcr a t<;>talof M ill-
f:l,csses and let t j* be the truncated dllration of the
í i -lh illness, fol' i = 1,2, ... , M. The joint den-
"'",ity function of the M random variables is

N\<1aximizing the likelihood function (41) with re-
S5pect to v leads to an equation

(40)

(39)

(38)

(36)elsewhel"e.

for O~ t~ l.

dt

dt

di •

ve-vI
t

e-v
= v-2 - ----

(I - e ~ v) 2

Therefore the variance of T* is

and

1

E(T") = f
o

1 -v-e

= O,'

(37)

In applying the model in formula (33) to actual
data, we need ro estimare the parameter v. A

The expected va111eand the second moment of
T" can be obtained from (36).

V e~vl
f'" (t) dt = ---

1- e-v

Under this model the function {" (t) assumes a
maximllm vallle of V (1- e -v)-1 at (='0 and de-
creases as t increases at arate of

VI' Without appropriate data for testing a specif-
ic model, IVe considcr only the following simple
case ro illustrate a fcw points.

Supposing that vt= V is independentof t, .\ve
have from (33) a truncated negative exponential
distribution
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I
~,:,,'~}:i,: For applieation later, yo/ealso compute the seeond Sinee 'Ir j is known and Vj can be estimatedfOljI~. and the third moments about the origin, caeh disease, the estimate of E (1''') can be t:om¡

11. puted from (50). i
'I'~":.i: IJlncsses are often classified as acute oi
" E (1'2) =/;2 ve-v! dt = .2- l I:1 v2 C ¡ronie. A mathematical model to describe illnessi~; o from ~hiS viewpoint is essential but difficult t~

~l formulare, because the demarcation line betweerl
J~¡ and (47) acute and chronic illness is not always well deJ
Ul fined,and the exact proportions of illnesses in thJ
11;1 E (1'3) = f~3 ve -1'1 dt = ~ two categories are never known. In the discussiorl¡t~l o . v

3
to follow, we shall use the duration of the illnes~

'11¡-:1". as a criterion of classification and make an attempt
If~~: Using tbe estimated value 'Y'from either to salve the problem. I'I~~; method, the expected relative frequeney of ill- According to our formulation, a general math+I~U nedsses With

b
a truneatdedfduration between, say tI bemathticalJb110bd.el'~tindthi~célfse m.ay be represente9 l'

ih'! an t
2

may e compute rom . y e pro a 1 1 Y enslty unctlOn I

1': " A I I
\:1\ J ~~:~~dI - eA;,_ -:_-:." (48) f.W dI - (51) ¡:,'

!~i'.! 11
¡1 ~ t i
¡,! fo' aoy ioterva! (t" ,,). Multipl ying (48) by M .1'1.

jI: 1\ gives the expeeted number of illnesses. The dis- .'
:t~l¡ crepancy between the observed and expected num- 1

, ,¡i¡',! ber of il1nesses for eachinterval (t¡, ti) may be J
; ;( evaluated by the chí ..square test to uetermíne the ¡

.11>,':,' sufficiency of the model in formula (36). When Vlt= VI and V2t= V2 are assumed to be in- f
Equaríon (36) may be applied either to al! dependent of time t, the probability function be- t

': :1 . diseases as a whole or separately to individual comes 1 f
:11 dise"es. Wheo a11diseases .,e "ken as a siogle (5') ¡

'I'.(j group, the computaríonsinvolvedare quite simple. [ v¡e-V¡I v2e-Y2t
] .~

1\.,' When Íl.?dividual diseases are studied separately, {* (l) dt = 1f ---- + (l-l!') ---- dt. ~

!~,¡ they can be summarized by the compound distri- l_e-
v
¡ l_e-

v2 l
¡Ir .~.:I1 buríon 't~.'.....'Here 71" is an unlmown proportion and may be in-
ir ¡ . I
, ~ {* (t) dt = .r Ir J {I" (O dt • (49) terpretedas the probability that an illness will!)e

jtll 1 acute with th~ severity signified by v¡. A simildr ~

J.I,~"'.11 interpretation holds for (l - 1f) and V2' Co~- ..t[.....'..'".
~ d where 'Ir. is the known proportion of illnesses sequent to our arbitrary classifjcation of ilt- ~
!¡ i¡ of the j t~ disease and {¡*(t) is the corresponding nesses as acute or chronic, a graphie represe~-i(
~;j probability density funetion 3S given in (36). In tation of the model wil! show a bimadal curve. l:
l :' this case, the overall expected duration of illness The statistical problem is to fi t such a mo&~l! H I ..

! 'I! is given by to empírical data and to estimate the parameters ~
~t1'1 'Ir, v¡, and v2 in the formula. In this case t~e í
JI,' E(Y*)=:E 11"1[V

j
-¡ _ e-YI_J" (50) simplest approach is to consider the eomple¡te ~1ir j 1- e Vj duration of a sample of M illnesses and to use tl!1e .r~

pI V
dI ;~~H H

lil f.
I~ • I
j
, ~j . F

'1 P 1';

1 1I ~
l~l í1::~c~~ . ~ __ ....~~~~1l'o~~s=a..~~~'l!'k.~~~2t;;,¡".".~ .•••.~~"~~~....,.-.,.- ••.••,.-.. -. ---••if';-~;;;;7~~'~ !



(61)

(62)

(60)

~ (l-u¡~)
1r= -------

1'-1'I 2

12f f(t) dt =
II

9

In general, a high frequency ofmortality
indicates ill health within a population and, con-
sequently, the death rate is one basic measure of
the state of health. When the amount of illness in
a calendar year is studied, not on1y the length of
the illness before death must be considered, but
also the period from the time of death to the end
of the year. This period will be referred to as
"the time lost due to death" and \Vill be denoted
by ~. We \Vant to determine the probability dis-
tribution of ~,and the expected value of ~
among the deaths occurring during the year.

The time lost due to death is determined by
the timeof death. Although deaths may be subject
ro seasonal variation, as an approximation we as-
sume that they take place uniformly throughout
the year. Consequently the random variable ~

IV. TIME lOST DUE ro DEATH

for each interval (tI' '(2). The expected number
of ilJnesses of durations between ti and t2 is ob-
tained by multiplying (62) by the total number of
illnesses.

Using the estimated values of 1r, 1'1 ,and V2'

\Ve can compute the expected relative frequency
from

The two roots of (60) are 11 and'V2, Substi;-
tuting these values into the first equation in
(53), \Ve obtain the estimate of 1r:

and formulare a quadratic eguation and

(59)

(55)

(57)

(56)

(58)

(54)

(53)

6u¡u2 - 2u3

3u~ - 2ulu3

6'1f' 6(l-~)
u =--+-_.-
3 1'3 1'3

I 2

and

These can be computed from the sample mo-
ments. Now let

and

Solving (54) and (SS) simultaneously, we have

and from a11 three equations gives

These equations may now be solved for l' ,.~
ando'V2. Eliminating ~ f1'om the first t\Vo equa-
tions in (53) gives

method of momcnts, which allows the parameters
tO be estimated from me fIrst three sample mo-
ments UI' U2' and U3 (see equations (45) and
(47) )



V. INDEX OF HEAl TH

Direct computation gives the expccted value and
variance of (,

(66)

disease. Consider, for example, a child who had
the first symptom of chickenpox on February 1and
came down with a cold on Fcbr.uary 11; he re-
covcrcd from thc chickcnpox on Pebruary 14 and
from thc cold 011 February 18. ¡\ccording lO the
first dCÍinition, the child had one illness with a
duration of 18 days; but according to the second,
he had two illncsses with durations of 14 and 8
days, respectively. Each of the t\Vadefinitions has
its merit in describing health. 1'he modcls sug-
gested in the preceding sections should apply
equally well in both cases, although the constants
involved in the modcls will take on differcnt values.
For the purpose of deriving an index of health,
however, we shall use the first definition andcon-
sidero that the child enjoyed good health 365-18=
347 days during the year, providing, of course,
there were no other illnesses for the rest of the
year.

In the study of the state of health of a pop-
ulation, the paramount question \Vould seem to be:
What is the average fraction of the year in whlch
an individual is healthy? 1'his fraction will be re-
fened to as the mean duration of health and will
be used as an index of the health of a population.

The index of health so defined is closely re-
lated to the three component variables presented
in the prcceding sections. From tlle distrihution
of the number of illnesses, \Vecan calculate the
expected number of illnesses occurring to an in-
dividual in a calendar year; and from the study of
the duration of illness, the expecteddurationofan
illness. 1'he product of the two quantities is the ex-
pected total duration of illness during the year. For
age group x let Nx be the observed average num-
ber of illnesses per person and 1\* be thc average
duration of an illness in ayear. 1'he product
Nx T •• is an estimate of the expected duration
that an individual is ill. From the standpoint.of
the index of health, N. Tx* is simply the average
duration of iUness per person per year and can
be estimated directly from a single sample. Sup-
pose a sample is taken from age group x. For
each individual in the sample the fraction (Ix) of
the year that he is iU is determined; the average
of this fraction, denoted by Ix, is equal to the
product,

(65)

(63)

(64)

1d~=--
12

1
E(O--

2

p{~ ~of~ JO dr - e, for O~O~l .
o

1'he term "iUncss" discussed in the preceding
sections needs clarification before we proceed
further. An illncss may be defined as a continuous
state of iU health over a period of time regard-
less of the number of diagnoses; it may also be de-
fined as a continuous state of ill health for each

This formulation indica tes tlJat the average time
lost for each death is one-half ycar.

Let rnx denote the age-specific death rate,
which is the approximate proportion of peopb of
age x who die during the year. Since, on the av-
erage, one-haH year is lost by each death, the
average time lost to each individual in the entire
subpopulation is + rnx.

1'he problem now is to determine how much
weight to apply to the time lost due to death as
compJ red ..vith thc duration of illness. In general,
we may say that l day lost due to death is equiv-
alent to w days of illness. 1'he problem is to de-
termine \V. From the point of vicw of health,
both illness and death are sta tes of ill health, and
time lost due ro death and time 10$t due to illness
should be weighed equaUy. Itmaythenbeassumed
that w is unity. Thus + m x, the average time
lost due to dcath for an individual in the entire
subpopulation, is directly comparable lO the av-
erage duration of illness and will be used in the
formulation of a measure of the state of health in
the following section.

and

also has a uniform distribution within tbe inter-
val (O, 1), and its distribution funclion is givcn by

!
I
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1
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I
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(76)

(75)

(74)

(73)

(71)

(72)

vice versa. lf no illnesses anelno deaths occur to
the peopIe oí a current population, then Ix = O and
mx= O for each x; hence Hx=l aiJe! H=l, At the
other extreme, if evcry individual in.a population
were ill during the entire year, then I. = 1, (m x= O
in this case), and both Nx and the index of health
\Vould assume the value of zera.

The quantities H x alJd H are, of course, ran-
doro vari8bles, ane! they are estimates of the cor-
responding true unknown expected values. In terms
of the models discussed in the preceding sections,
the expecred values may be derived as fo11ows:

wl1c:(e, in light of formulas (18) and (38),

and

Assuming independence between Ñx and
we have

and

(70)

(69)

(68)

(67)- I
Ix +2=X .

be the total population. Then the weighted average

1H= p~ PxHx

In formula (68) the unir of Ix is years; the av-
erage duration of ill health cannot exceed one; and
H x is between zero and uniry.

To derive the corresponding measure for the
entire population, only a weighted average of
H x need be computed. Several principIes ma y be
used to determine the weights. The simplest is
to.use the population proportion in each age gr;:-.up
as weights. Let Px be the age-specific popula-
tion and

Let H x denote the mean duration of health, oy the
fraction of the year in which an individual in age
group x is living and free from illness. Obvi-
ously, Hx is the complement ofthe average dura-
tion of ill health,

In the discussion of mort<llity, we determined that
the average time lost due ro death for an individual
of age group x is one-haH the age-spccific death
rateo Since the age-specific death rateis usually
available in vital statistics publications, it need '-,
not be computed again from a sample. 1'11eav-
erage duration of ill health is the sum of fue av-
erage length of time that an individual is ill ¿ne!
the time lost due ro death

i.

h

d

,.,

1,

:t

11

The expected value of mx for -the age group oí
nx years is approximately equal ro

where qx is the probability that an individual of
exact age x will die before reaching exact age
x + n x' and ax is the average fraction of the age

)f
e
n
1-

le

'.
i
!

i¡
l

I¡
i

t
I

l

!
'.

is the mean duratian of health, or the indexo!
health, for the entire population. Since Px is the
actual population having experienced the duration
of health indicated by the value of Hx, in formula
(70) we have a meaningful measure of the state of
health.

The values of the index of health H are obvi-
ously between zero and one; the healthier a pop-
ulation is, the larger will be the value of H, and

qx

nx [1- (l-ax) qx] (77)

,. !
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(81)

(82)

(83)

INDEXREMARK-ADJUSTED
OF HEALTH

H"~ 1. "'P.H'-P. "'sx.s

52 = mx(l-axnxmx)

m. Px [1+ (l-a.) nxmxJ

VI.

T11e index of health H is evidently a mean-
ingful and useful measure of the state of health
in a single population. Sine e it is a weighted
average of Hx wirh the current population pro-
portian Px/P as the weight, however, the value of
H is affected by the eurrent population eomposi-
tion. Sueh an effect wilJ. produce a distortion when
two populations with different age compositions
are compared. To adjust for the difference, \Ve
may use a standard population and compute the
weighted average of Hx,

samplc. The sample variance of the age-specific
death rate is given in referenee 2.

where .Psx / Ps is the population proportion of age
group x in the standard popl.llation. This weighted
average may be called the age ..adju2ted index of
health. The sample variallce of H" i8 given by

where the ,sample variance of Hx may be com-
puted from formula (80).

Sickness Survcy, 1950.51. Ottawa. The Queen's Primer and Con-
troller 01 Stationery, 1960.
4. The Dominion Buceau 01 Sratiscics and The Departmenr 01 Na-
tional Health and Welfnre; CarIadiarI Sickness S"rvey. 1950-51, No.
8. Volume 01 Healch Care (Nacional Estimares); D.8.S. Reference
Paper No. 51. Otcawa The Queen's Princer and Conrroller o{ Sea-
cionery, 1955.

(78)

(80)

(79)

interval (x, x +nx)Jivecl by individuaIs who die at
the agc covered by the interval. It follows that

and the expectation of the index of health can be
obtained upon substitution of (78) in (71).

For making statistical inferences and for
comparing the state of health i.ndifferent calendar
years, ir is necessary to kno\V the variance of the
index of health. It is not necessary here to derive
the complicated formula for the true unknown var-
iance; for practical purposes, ir suffices to have
the formula for the sample variance, which can
be computed directly from the observed data with-
out referring to the models discussed in the pre-
ceding sections. The sample variance of H can
be written as

and for ead1 age group x

where the sample variance ofthe average duration
of illness 5T~ can be computed directly from the

---- OO0----
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NUMBER or DOC10RS' CALLS OR CUNIC VI$ITS

NOTE: Bosed O" doto sho*n ¡nIobio 2.

Figure 2. Observed and expeeted numberofpersons 15 ..24- years of agebynumber of doctors' calls or clinic
visits in ayear.
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NUMBER OF OOCTORS' CA.LLS OR ClIN1C VISITS

NOTE: Boself en delo sho,," in feble 3.

Figure 3. Observed and expected numberofpersons of al1 ages by numberofdodors' calls or clinic visil:s
in ayear.
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(¡n-Fn)2 ,1

Fn

I
13. 89~°1

Difference
In - Fn

4,116 I
~umber of persons in thousands1

4,116 I

Obser:ed, ] Expected
in Fn

Tota1--------------------------

Number of doctors' calls or clinic
visits, n

Table l. Observed and,expected number of persons under 15 years of age, by number 0f
doctors' ca11s or clinic visits in ayear

-

I
I

O call or visit---------------------- 2,367 2,379 -12 0.060
I

1 call or visit---------------------- 749 715 +34 1.617
2 calls or visits-------------------- 350 372 -22 1.30!

I3 ca11s or visits-------------------- 222 221 +1 O.OO¡
4 calls or visits-------------~------ 136 140 -4 0.114

I ISubtotal, 5-9 ca11s or visits-- 239 242 -3 O.03V
I

5 ca11s or visits-------------------- 95 91 +4
6 calls or visits-------------------- 64 61 +3
7 calls or visits-------------------- 41 41 O
8 cal1s or visits-- ...'------- -----:---- 25 29 -4
9 ca11s or visits-------------------- 14 20 -6

Subtotal, 10+ ca11s or visits-- 53 47 +6 0.76

10 ca11s or visits--~---------------- 12 14 -2
11 calls or visits------------------- 1.1 10 +1
12 ca11s or visits------------------- 9 7 +2
13 ca11s or visits------------------- 8 5 +3
14 calls or visits------------------- 5 3 +2
15+ calls or visits------------------ 8 8 O

Ñ= 1.163 ~ = 0.405 x2 = 3.899
52= 4.500 ~= 0.348 d.f. = 4

- . ., -

16

Source. Observed in were c~lculated from percent d~str~but~ons shown ~n tab1e 7 e"
page 27 of Reference 4,and population tota1s shown in tabIe 114, page 193 of Reference
3. To estimate the parameters invo1ved in the model, subtotals sho,vn were distributed
by the number of calls or visits to obtain in for each n in the respective groups. ¡

1For justification in using thousand as a single count in computing the x2, see text
on page 4.
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Source: Observed fn ,,,erecalcu1ated from percent distributions shoWn in table 7-C.
page 27 of Reference 4,and population totals shown in table 114, page 193 of Reference
3. To estimate the parameters involved in the model, subtotals shown were distributed
by the number of calls or visits to obtain fn for each n in the respective groups .

17

see text

by number of

d.f. = 4

~ = 0.223

'P' = 0.166

Observed and expected number of persons 15-24 years of age,
doctors' cal1s or .cliníc visits in ayear

Ñ = 1.347

.1For justificationin using thousand as a single count in computing the
on page 4.

1.
1
1
2

Table 2.
- -

Number of doctors' calls or clinic Observed Expected Difference (rn - Fn)2

visits, n fo F fn-F~ Fnn

Number of persons in thousands1

Tota1-------------------------- 2,~ 2,050 I O I 16.955

O call or visit--------~------------- 1,326 1,327 -1 0.001

1 ca11 or visit---------------------- 248 254 -6 0.142

2 calls or visits-------------------- 141 136 +5 0.184

3 cal1s or visits-------------------- 88 86 +2 0.047

4 calls or visits-------------------- 68 59 +9 1.373

Subtota1, 5~9 calls or visits-- 113 133 -20 3.008

5 cal1s or visits-------------------- 47 43 +4

6 calls or visits-------------------- 28 32 -4
7 ca11s or visits-------------------- 17 24 -7
8 calls or visits-------------------- 12 19 -7
9 calls or visits-------------------- .9 15 -6

Subtotal, 10+ calls or visits-- 66 55 +11 2.200

10 cal1s or visits------------------- 8 11 -3
11 calls or visits-----~------------- .., 9 -2I

12 calls Ol:' visits------------------- 7 7 O

13 calls or visits------------------- 6 6 O

14 ca11s or visits------------------- 5 5 O

15 calls or visits------------------- 4 4 O

16 cal1s or visits------------------- 4 3 +1

7 calls or visits------------------- 3 3 O

8 ca11s or visits------------------- 3 2 +1
9 calls or visits------------------- 2 2 O
0+ calls OI: visits------------------ 17 3 +14



-2
-2
-2
-3
-3

+97

31
26
20
16
14
11

24.072

.29
24
18
,13
11
108

d.l. = 4
~=0.307
11' = 0.188

1.631

18

Source: Observed in were calculated from percent distributions sho~vn in table 7-C,
page27 of Reference 4,and population totals shown in table 114, page 193 of Referent:e
3. To estimate the parameters involved in themodel, subtotals shown were distributl~d
by the number of calls or visits to obtain in for each n in the respective groups.

lFor justification in using thousand as a single count in computing the x
2
, see text

on page 4.

15 ca11s or visits-------------------
16 cal1s or visits-------------------
17 calls or visits-------------------
18 calls or visits-'--------..,---------
19 calls or visits-------------------
20+ calls or visits------------------

Y" ¡

~ I
~ I
~: .'ab1e >. Observed and expe~~~ts _~~m~~~n~;v\': ~~~n~no~ ~;; r"g es, by numbec of doctoc s ' I
,I:i: Numbér of doctors 1 calls or c1inic Observed Expected Difference (rn - Fn)2 f
;lli visitS,n l~ Fn lrr-Fn F

n
[

';!;~l;¡ I t.1 i Numbec of pecsons in thou sands '1
~ 1 !
j Tota1-.,.------------------------ 13,538 1 13,538 I O I 24.07~ i
....'~ -' I i"1 O ca11: oc visit---------------------- 7,690 7,692 -2 0.00' '.
~ 1 ca11 oc visit---------------------- 2,044 1,996 +48 1.154 i.¡ 2 ca1Ú oc visits------------~------- 1,097 1,099 -2 0.004 I
) 3 calls or visits-------------------- 718 714 +4 0.02~ 1

• 4 ca11~ or visits-------------------- 474 492 -18 0.65~ 1

. ~ I

:1 : ::::;u;~o~;;~~;;;: ;;;;;:;;: ~;;; ;;;; 1. ;:~ 1.;;; - ;~~ 9.788

. ~ :::::: :: ::::~::::::::::::::::::::: ::~ ~~~ ::~
L~ 9 ca11s or visits-------------------- 111 122 -11

>¡.~~l. ,;subtota1, 10+,ca11s oc visits-- I 514 440 +74

¡~ 10 calls or visits-~----------------- 97 96 +1
" [é<..~.. 11 ca11s or visits------------------- "J"5

9
7 77 +2

¡r(; 12 calls or visits------------------~ 61-4l~1 13 calls or visits------------------- 45 - 49 -4
¡J 14 calls or visits------'------------- ,33 39 -6
n ~j
~:. ~.

1
','.~

~I:~
, ';$L%,ir;
. lil:j~>
,(j..
,!J~,.

11~~-~lIr~~
~I." ":1
¡j;" .~."f:
~'
11

i
1¡

:1:

I
_. __ 1_



q
.............:-..::_zw.:-~;.:.~*~...~;~,.....::.";.:;;~_Cb..L-~."";,,...._,..-....~;~..4~\'k~.;,",:.;.~w.. .••.•~t1t.;.:....l~¿;Io;:¿~J,:;:Wr...o.t).;)r ..•.;,..••.,.,.:0A~-•..._~•.~l:~,,. .••.~_~~~l~ ••~;'h.:¥!'~_ ..•.~,:.¡'-~,••~-~ .••.•~--;_....~

',."!~
.....,,,.

1.L~22

0.013
0.005
0.031
0.013

1.526
4.118
0.180
0.187
0.359

0.01.7

0_, 1_7.87L

-2

~2

+1

+8

+1

-29

+58
-11.

-11

-13

Difference
l. - Fn

+1_. • __ • __ • M~

45

58

318
205
127

77

551
817
799

648

471

Expected
Fn

____ 4,116

59

78
53

Number of persons in thousands1

125

316
206

522
875
787
637

458

31 I 26 +5

14 15 -1

5 8 -3
4 5 -1
2 3 -1

3 1 +2

x2 = 7.871
d.f.= 8

4,116

Observed
lo

3.113{;C=

1f' = 1.102

Observed and expected number of persons under 15 years oí age, by number of
comp1aint periods in ayear

Ñ = 2.826

Number of comp1aint periods, 11

Tota1--------------------------

Subtotal, 10+ complaint
peri9ds-----------------------

13 complaint periods-----------------

15+ complaint periods----------------

11 complaint periods-----------------
12 comp1aint periods-------.---------

14 comp1aint periods-----------------

10 complaint p.~riods-----------------

3 comp1aint periods------------------

5 comp1aint periods-----------------~

1 complaint period---------- ..-._------
2 complaint periods------------------

7 complaint periods------------------
8 complaint periods------------------

o comp1aint period-------------------

6 complaint periods------------------

9 complaint periods------------------

4 comp1aint periods-------~----------

Tab1e 4.

Source: Tab1e 31, page 122 of Reference 3. To estimate the parameters invo1ved in
the model, the subtotal sho\Vh was distributed by the number of complaint periods to
obtain fo for each n in the group.

lFor justification in using thousand as a single count in computing the x~ see text
on page 4.
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