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(in this day oí rationally desighed . econometric stuClies and auper-.inpu'~=

, ,'~ 11:

óutput tables, it taleGa somethipg mbre 1/11aothe usual ¡'will ing suspen.sion

of disbelief'" to'talk'.seriol~sly.l oí \the. ~ggregate ~n'~duction functil(ll~,: Ilr!

But the aggr~gate pro'duetio~ fdheti';on i8 only a litrIa less legi tim8;te~:a

concept t11an,: say" t11e.aggregat:eco;;nswnption fuuctiru, and for sorne ld~ds

of long-run, niacro-ÍIl?dels i t i~~almo;st as indispensalHe as the latter i~

for the short-ruo.-- .Asjloog "S -te íJ"Sist 00 praetiehg maero-eeonomi.31;:we

G.hall need aggregate relatlon~~flps.¡ l.,' t
Even so,: therewould hardl,rbe; any jristificati~n flOr returning toI

tilia old-fashioned' topfe if 1 hád n,o novel ty tosug~est. The new wrinkle
~! " , .. . J, . Il '1

1 want to describe' ia an elemedtar/ wayof segregat'~ng variations in q)'jf.t~~, ',. , " " ,----+ . . -~r--
put per head .due to techniealc:hange fromthoae due~ to changes in the ,!'- .------.' ,- ,. -- .; - .

avaHabiH,ty ."o£capi tal per hedd. 'Naturally, everY~:i:additional bit oí I!ilrm= ,
__ .. ' ,__ - --.-,: " Q 11:, I

flormation'ha~ i~~price." In tl~is ~~se thep:dce co)ud'sts of one new ~i:e= ,1

quired time series, t11e sluire,'of labor (JIr p:a'operty ~intotal income, ando
o ." t - 1:.' .... ' -. - - - ": _ - 0' - . ---------~-~ r

~e new assumptiOn~ th~t faretox;s ax:e paidtheirmarFinal plrl()diil~ Si;)ffi~\E? ,1

thre formeris probably' more rés'pectable than the otlu!<r data 1 shaU us11<es
, , ~, "". _ 1I ¡i

and since the latter' is an ass~mpti;on often madre, t~lIe price may not b~!:

~ ¡I " 11 ,~"
, 1, j • 11
, , 1 '

'1 11

,Befare going on, 1et me b~ expli ei t that 1 wou:lld not tr'y te just;il!fy
I ;:,

what follows by calling on fa~~y t~eorems on aggregrtilonand ind<Bx ~. 1

1
.

==--_ ---~ n ~ 1,'1

1
,, ij ~ 1

* 1 owe a debt of gratitudeito ~r. Louis Lefeb€~ for statistical aJ~ o~her'
a88istance~ ánd to Professors Fellner, Leontief, an:d Schul tz £01' stim.-dlat~lng

sugge.tioos. . . í : I 1:' I

~
11

:1
¡¡
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Either this kind o£ aggregate economics appeals 01' it doesn~t.
1numbers.

Pers0n.a11y 1 belong to both schools. If it does, 1 think one can draw

some crude but useful conclusions £rom the results.

~~THEORETICALBASIS

mathematically and then

output and 'K ~nd .!! units,
"wrftten as: -

fi"ive

then

1 \vi11first explain what 1 have in mind

a diagrammatic simpler. 1£ ".2,'represents

the-aggregate production £unction can be
J.j

Q ~ F(K,L;t). ,
t.,¡ ;::j"

..:" j '*

"

(1)
t- ~ 4! í a: :.,.:. ..~',~ J '- ,"", ~

The variable! £01' time appears in F to a110w £0.1',tecbnicalchange. .It
.;.. l~ ~'¡;", _ .~" ,~",¡",,:... _

,wi11 be seen- that 1 am using -(¡hephfase "techIlJc~l ch~llget1"-8..8 a short-

hand expression £01' any kind o£ shitt in the production £unction. Thus
. ~. .'.. - . - ., '. 't I :.-~.1 L, _~

slowdowns, -speedups, improvementtf in the education of tbe" labor £orce,
- - ~ ~ ¡,<tí. ;~,.! _:. .:':".' : ~..: - i

and a11 'sorts o£- things wi11 appéar as "teehnical change."
.~,. ~ - ':¡ot. ;,.. ..,.

I"!; ia convenient to begin with tbe specisl ,~asé ...of neutral teehnical
~ .~~ ji.' ~. • •..t

f
hang~. 1Sbi.f~s ,in the production., ~unction are ..d~fil~ed as n~utral i~ they

eaVe marginal rates of substitution untouched b~t simply increase ~r de-
~• ~ .J. 'l" ~..,........ • ~ ,,~") •• •• _ _ •••.•• ..,

crea~~ ~h~ p~tput ~tta~nable from ,~~~eninputs. J,\!n that ,12.a~~.the pro1uc=

tfo~ fuñcÚon t~ke~ the special form ..
. .• J.i.-

Q .:A(t)f(K,L)

...

, .

t •••.J : .~.• _

,(la)
~.

1
Mz:s_~Robinsonin ,particular has.,.explored many-of tbeprofound dif-'

. fícul ti esthat stand in the way o£ gi víng any preci se meaning te. the
. quanti ty of" capi taf( "Tbe Productioli 'Fuuction'and1 ihe Theory oí' Capital,"
Review of Economic Studies, Vol. 21, No. 2), and 1 have thrown up still
further obstacles (ibid., VoL 23, No. 2). Wera tha data. aval1able; it
would be better toapply the analysis to some preeiselydefined production
functiori with many precisely define~ inputs. On~' can~t léast hope.that
theaggregate analysi s gí ves sorne 'no' ti on of the viay a'detail ed' -analysia
wouid lead.:., 1_, 1
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(2a)

namelythat F ia homo~
i ~

making everything come
I

Q/~ := q, K/L 2 k, wL 6
1

bee'omes

. ~ '3£ . ?)f t
~ A K

" = - + A: " - + A - "

Q A OK Q ~L Q

it is, \Vemight
il

geneous of degree one~
i '

out neatly in '! terms of

:1

ti

II

1

1

(~) i
11

e\ash'Cl"ded ckrdNr:'~"1
~ Q J{ íe.olfu.-l-o •a..\ c¡;.r I fcl

where dots indicate, time derivatives. Nowdefine wk,;G, a' .....and r 1; li

"'L = ~ l-~-the, re1athe share~ of .cap;tal a"d labor. an~ S~bsti tute ih 1,1

the above equatioll (noi;.e th~t aQ/3u: ~ A '8f/8K, etc.) and there results:

and the multiplicative factor A(~) measure the cumuláted effect of shifts

over time. Differelltiate (la) tj>tallywi th 'respectt

l

_¡ o time and divide

by Q and one o:btains ,1

"

: :1

;1,
I

j
' ., . . . J Gl 1-::::' \¡V

q A k 1<

No".11 "e "eed to dise"t.ng&~~he!;e.::;icliange'i~dex A(t) are ser:'::),
for output per mati hour, capi táf per man hour, and the share oí capital:".

__ ~ ~ __ -'- _. .. .- . l. __ . "'o..

• I
I

SO far 1 have been assuming t,hattechnical challge is ueutral. But if we :;
go backto (1) and carry out th~ same °reasoning \Ve arrive at something very. . 1 ' .

!

Q Á ,K i.'~:;:;~tlf;'+w~' ., li

'if ' I1

.~_ 11 ." ~ I
,From the time -,s,eries of Q/Q, wk,:iK/K, wL and L/L orjtheir discrete year ..•.

1"

~-year analogues,we could estj.mate Á/A an,d. thcJ].ce A(t) itself~ Actual~

ly ¡m amusing~hiIlg happ~ns_ h_er~. Nothing ha.s been said so far about re-

turnsto s9al.e. BRt if, al.l fac;!;or inp.uts are c1as.si)fied ei ther as K 01' L,- 1[-
then the available figures alwa~s show "K and wL adding IIp to one. Sin,~e I

; , " 11

we have assumed that factors are paid theix marginah products, thi s 8IIllounts,
. ii :l

to assuming tlle hypotheses of' Eu)erts theorem. The l'calc.ulus beingwhat i
1;

just as well assume the conclusion,
1;

This haJ the advantage of
. t . I~ "t d L tln ells1v~ magn:t u es. e -

~ ~ '.
1 - WK; note :that q¡'q = Q/Q - u/L etc., and (2)

_o.-'-'~-=~---'--- '_' _o .,c._-~__di==----,_. __ '" oo. .....,.,._-. .."...'.".,._--0-.---.---.,.. _,
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like( 2a), namely:

",," :' " ."~'q" . 'F' 3t ,.¡;; ,k~ ", ~',',1- ., :'1' .' ¡
U.' éan ,be .shown"by. integrating alpartial di ffe1"entl aL 'eqllation" that.if. '

plp is independellt of ! tllld 1(a~ttlally under .constant, r,eturns",to; sctile,only. .' . . . ~- ~
Kit matters) then' (1) hasthe speeial form (la) and shifts in the p1"oduétion

f"!1nction are neutral. t lfin addi tion~/F~ is, con~t,'~ntin time'9 sayequ'al to
.!., thenA(t) = (1 + a).' f,

The case .of neutral shifts and éonstant returns to sede is now e,asily
han:dled graphic'ally": "'Theproductionfunetion i s''bo:npretely'reph~sentedby

- .' '''''T'~ - . < _. . ""

~¡'grapb of.'..9:agai'nst"~>(an:alogously:.~to the faet':that 'í'f" we~:.kno~1;.~'e;unit.;.out=
p'Ut'i,soquant,we kno~.tthe "~hole niaph?Thej,roUbl~,is.}hat .. :thi~s"function~is .
shifting'intime, so that if we observe points in the (q,k) plane, their move-'
me~ts are compoun'ded out,of movements~along~ theeurve andshifts of thecurve.

,Ll " . , . ,\ ,C - ~"": ,,' . . '" •In Chart 1, foro instanee, every.o,rdinate on the curve fort= 1 ha:s b'1enml1I-
Íiplied b~the 'samefactorto gi ve a neutral upwllrd shiftof the production' '.

fJtXlét,ion fQ~. :period.2. ,Theproblem. is.-'to estil2!a~.~ .t~i~shi!t" h'om kno.wledge
-.. "'.' _. ~ .'. I ~''''., .~••• ' .• 'L. _ "!. • !'t .,. _ ,_ '. i~' 'o,' -1' .. ,:r ~ ._:,.~ -.~' '¡', <!ti

0,fopo,;i}lts'Pl'~n,~}l2.(),b-v;iously i t 'V>~uljf1b,equite,:~i$lea~i.ng tó f~t.a~curve
through raw' observ'e:d- p01ints likePl;P2 and otl!er"s. But~.if 'the shift factor

- "".., ~.: ,'; "'.',r':" ~- {',_""': _ .' ~'_ .7{_'!"-~ _ _' < •.... ,,'., . .f. ~ ' _'~ ~ 1 ~ '.," ,
for 'each point'oí"'timé' 'cán be estimated, the observedpoi,nts can lie corrected
for' technical 'chánge" 'anda produetfoh function' báh, th-en be'"found~,2o' .,0

'.

'..

,.J.

Chár~ 1 '

- - - -- -~--:..
.. 'rt". , ,.
'"

~' ,q

.., 1,,' L:.,Q2

. ..,.'':;'';" t.'"

- ..., ~.:-....•._----_ ..•..__ ...•'.... ~: ~"

2:ProfessQrs Wassily Leontief and.William Felln~r ,independtly poiuted,out
1;.0me' tbathis "first"'or,der" approximation could1n-principle be improved.
Aftér estimating aproduction funetióIi corrected~;$fo:r ,techni cal' change' (sée

'below)., ,.one could,goback and sue i t to providea.,~econd approximationto
the shift S'e:des'; and on lnto further'iterations.'.d, ' ...•.~ v' '~.'-> ".,.

..
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"
In order to i sola~e shifts!: oí the~ggregate -prÓduction function flr'om

movements alo:ng it, :by use oí (2a) or (2b), three ttme seriea are needed:

output per u~i t of lábor,. capi t~11 p~r. uni t oí labor~.r and the share oí ca-
!I ' I

pi tal. Some'rough and"rea'dyfigur-es¡ together wi thi the .obvious computa~

"'-.....,.;: .J

" I\, !
~\ .J

1.'1'1

:1

11:.
1909-1949

~AN;.APPLICATIONTtlTIlE u.S.c:

1;
Ijl

The natural thing to do., for small changes, is ~to approximate the l,
IJ'

period 2 curve by i ts .tangent at P2' (Qr the period 1 curve by i ts tangent
ij

atPI)" This .yields anapproxi~ately corrected poill¡t P12'~,nd an estímate,

for ~_~A, n~el~ .PI2Pí/ql' _ Jutk¡P12 :: q2 ~8<i/~k A k a':d hence ,1

P12~1 - 'q2 - llql' -.~qjak A k - "I~.q -.aqJak, A k an1 /:}..A/A -P12Pl/Q¡- ~

6.qjq -aqja~ (k/q) !J.k/k= fqj~ - wk 11 k/k wh~ch.:B.8 exactly the con~11

tent of (2a)." The ,.not-!lecessarpy-neutral case i s a bit more complicated,;l

1 but basically similar. : 11

- I
1

I
11

11
!,

tions, are gi:ven in Table .I~
'I~

J

'J'he conceptually cleanestmeasure of aggregate.¡ output would be real
, . .,:. :: ~.

net nationalproduct. 'But. long' NNP:se'ri es are hard:; to come by, so 1 h£,i-ve
. " " !I,

used GNPinstead.Tlie only différehce this makes i~ that the share of 1,
':: -~ ,:'

capi tal has to include, depreciation. ~ It proved pos~ible to restrict the
. ~

experiment to prívate non..•farm:economic activity.';l'his is an advantag~

(a) becaus ..e ~t skirts the probltl~m oí. measuring go.vehlJIlent ou-tput and (b)
_.' l.. !I .
because elim~nating agri eul tnre' isa-t 1east a step in the direction of

'r ,1 ,: •

homogeneity. Thus my~is a time series of real pr~vate non-farm GNP -,
,

per man hour, Kendricle' s valuable work •.

The capital time series ia thé one that will r~ally drive a purist
, ~ .' il;~

mad. For present purposes, tlc~~it~il. includes land~ mineral deposita,l!,

etc. Naturally 1 have used Goldsmith's estimates (~ith government, ag~i~
q . ,

cul tural, and consumer durabl es,: eliminated). Ideally what oue would like
"

il ~
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TABLE I.--DATA POR CALCULATION OF A(t)
. roex,1( k
" - t"U\(. r,; ~

10 labor Capital ~ ,~, ~~") Share of Privo no.!!Emp10yed
force stock Colo1 property farm GNP capital

emp10yed (1millo) x Col.2 in in- per man- per man OtA/A A(t)
Year (1) (2) (3) come (4) hour (5) hour (6) (7) (8)

1909 91.1 146,142 133,135 .335 $.623 $2.06 -.017 1.000
191Q 92,8 150,038 139,235 .330 .616 2.10 .039 .983
1911 90.6 156,335 141,640 .335 '.647 2.17 .002 1.021
1912 93.0 159,971 148,773 .330 .652 2.21 .040 1.023
1913 91.8 164,504 151,015 .334 .680 2.23 .007 1.064
1914 83.6 171,513 143,385 .325 .682 2.20 -.028 1.071
1915 84.5 175,371 148,188 .344 .669 2.26 .034 1.041
1916 93.7 178,351 167,115 .358 .700 2.34 -.010 1.076
1917 94.0 182,263 171,327 .370 .~79 2.'21 .072 1.065
1918 94.5 186,679 176,412 .342 .729 2.22 .013 1.142
1919 93.1 189,977 176,869 .354 .767 2.47 -.076 1.157
1920 92.8 194,802 180,776 .319 .721 2.58 .0,72 1.069
1921 76.9 201,491 154,947 .369 .770 2.55 .032 1.146
1922 81.7 204,324 166,933 .339 .788 2.49 .011 1.183
1923 92.1 209,964 193,377 .337 .809 2.61 .016 1.196
1924 88.0 222,113 195,460 .330 .836 2.74 .032 1.215
1925 91.1 231,772 211,198 .336 .872 2.81 -.010 1.254
1926 92~5 244,611 226,266 .327 .869 2.87 -.005 1.241
1927 90.0 259,142 233,228 .323 .871 2.93 -.007 1.235
1928 90.0 271,089 243,980 .338 .874 3.02 .020 1.226
1929 92.5 279,691 258,714 .332 .895 3.06 ~.043 1.251
1930 88.1 289,291 254,865 .347 .880 3.30 .024 1.197
1931 78.2 289,056 226,042 .325 .904 3.33 .023 1.226
1932 67.9 282,731 191,974 .397 .879 3.28 .OH 1.198
1933 66.5 270,676 180,000 .362 .869 3.10 .072 1.211
1934 70.9 262,370 186,020 .335 .921 3.00 .039 1.298
1935 73.0 257,810 188,201 .351 .943 2.87 .059 1.349
1936 77.3 254,875 197,018 .357 .982 2.72 ~.010 1.429
1937 81.0 257,076 208,232 .340 .911 2.1JL .021 1.415
1938 14.7 259,789 194,062 .331 1.000 2.78 .048 1.445
1939 77.2 ' 257,314 198,646 .347 1.034 2.66 .050 1.514
1940 80.6 258,048 207,987 .357 1.082 2.63 .044 1.590
1941 86.8 262,940 228,232 .377 1.122 2.58 .003 1.660
1942 93.6 210,063 252,779 .356 1.136 2.64 .016 1.665
1943 97.4 269,76Jl. 262,747 .342 1.180 2.62 .071 1.692
1944 98.4 265,483 261,235 .332 1.265 2.63 .021 1.812
1945 96.5 261,472 252,320 .314 1.296 2.66 -.044 1.850
1946 94.8 258,051 244,632 .312 1.215 2.50 -.017 1.769
1941 95.4 268,845 256,478 .327 1.194 2.50 .016 1.739
1948 95.7 276,416 264,588 .332 1.221 2.55 .024 1.767
1949 93.0 289,360 269,105 .326 1.275 2.70 ... 1.809
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NOTES AND SOUnCES:
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,J

~

i
Kendri ck.'s

,;.6a-

,
Private non-farm GNP per man hour, 1939 dollars.
data, reproduceij inThe Eeonomie Allltanac,490.

Employed eaPit~~ per man hour. cOltmn (3) divided by
drick' s man hou~ series, ibid. I

A A/A = 6 (5)/(5) - (4) x .6(6)/(6).
~:, :

From (7).

,1

:1

il

l'

I

11

1; 11Percentage of labor'for employed. 1909-26, from Douglas, l
Real Wages in the United States (Bo~tom and New York, 1930),
460. 1929-49, caleulated from The Eeonomie Almanae, 1953-54
(New York, 1953), 426-28.. I

I
I . :1

Capital Stock. '1

1 From Goldsmith, A S~udy of Saving in the U~i-
ted 'states, Vol. 3 (Princeton, 1956). 20-21, sum of columna
5, 6, 7, 9, 12,'! 17, 22, 23, 24. '! I

(1) x (2). 11

11

Share of property in ineome. Compiled from The Economie Al-
manac, 504-505;1 and Jesse Burkhead, "Changes in the FUnctio-
nal Distribution ol Ineome", Journal o.f the American Stati~-
tical Assoeiation, Vol. 48 (June 19~3), 192-219. Deprecia~
tion estimates~rom Goldsmi th, 427.1! . ,1

Column (2)::

Column (1):

•...

Column (3):

,Column (4):

j)

1-'
Column (5):

Column (6):

Column (7):

Column (8) :

'1

11 _

, \
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to measure is the a~1Dual flow o,f capital services.:lnstead one must be
; :! : ii

content wi t.h a les s utopian est:imate of the stock 0* capital goods in ~xiSil
, i I

tence. AH sorts of conceptual: pro,blems arise 011t~lis account. As a ;~in-'II

gle eXlUllP.le, if the capital sto,ck consisted of a mipion idelltical machine,F
¡~

and if ea.~h ()lle a.sitwor~ out was replaced by a more "durabl e machine of

the sameªn,nJ!al capacity, the s,tock ofcapi tal as measured would surely
il

increase.. l}~t t.lle maximaJ f1Qw Q:f c;llpital servicesi, would be constanto

There i s n.ot.llil;lg to be done abó'iut thi s,' but somethiJ:lg must be done about '[
l' " ,

the fact of~dle capacity. Wha,!tbelongs in a produ,btion function is capi~l'
ii " 11" ',' !

tal in use;: ~ot capital 'in pla~e. "Lacking any reli~ble year-by-rear mea- .

sure of tll'e 4tiu~atioIJ, oí c8piJlt.aJI h'ave shlply re1kuced the Goldsmi th

figures by tl~e t'raction, of the illabor force unem»lOY~d in each year, thus

assuming tha,t labor and capital:ahvays suffer unemp~oyment tothe same
'1 ;

percentage. ¡This is ul;ldoubtedJy w:rong, but probably get.s ~loser to the
, 3

truth than maltiIJ,g'no co:rrectil.Qn, at a11 ~

0.08c.Á!Á
O~O.6

0.0,4

()•.02

0.•00

-0.02 .

....0.04

.••.0. 06 i~
~O. 08 .~ 1I

3-'1'" "" 1909 1919 1929 1939 19491 i

Ano~herlfac~or fer which I1 have no~ eOrree~ed ~s ~he ehanging leng~h
oí the lVork-week, As the work-w¡eekshortens, the in;tensi ty of use of exi s~
ting capi talidecreases, and the stock figures overe~timate the input of !I

eapi~al serv'ces, . I
"

.'i
;
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"'~' The share;..of ...capital series~ i~:r-,anothe:r:'hodgepodgej' pieced together

"frqmvarious.sources "and~ad' hoc as~wnptions (such' as GaleJohnson 's:guess

. that'. about 35.,,;per éent, ofnon-farttr!entrepren~urialincome~>ist>a returJi'to

property). Only aíter these computations \Vere, complete did 1. leaI'hthát

- Edward Budd ofYal e Universi ty has' completad a.>caraful long-term study ol

..... -~

f ¡'
-t,:.,

1909

Chart 3
.i -~~.

, .~ :

J

, .

, .

•

\

factor shares' which :wili soon be publishedo It s.e.erns.unlikely that minor

changes in thia ing~edi ent would grossly al ter th,e~,~iIlal resul ts, but 1

have no doubt thatX:efinement oí this and tha ~ap~i.tal time=series would
l . - , if ~?~ f"

produce neater results.' J .' l;it~";1
\ f ,t, >

In any case, i~ (2a) 01' (2b)': ori.e can repl'acé the: ti.me-derivatives by

year-to-year changeJ and calculaté' ti qjq .:.w' l5;'k/k.o 'The ;esult ia au

estimate of A F/F ~r liA/A, depe~ding on whetherthese relative shífts

appear to be n.eu~ral 01' noto Such a calculation is made in Table 1 and

shown in Chart 2o Thence, by arbi trarily setting A(19(9)' ~ 1 and using

the fact that A(t +1)':;; A(t) (l,t:4 A(t)/A( t})',one 'can succeasively re=
J' '._ ~

construct the A(t) timé series, which ia sho\vn in Chárt ..3.o
~ I! , " .", _ ."f- ).., ,,:.. ~. ~ _ .••• '~ _ ~",' ,~~ •••.

1 \vas temÍ)ted to ,end this section wi th the remark-,that- tlie Á( t) se=
>-. '~.' '.' .-, .• ".' ~ ..11, - ~',' ..••. OO',".." ,

"ries,~,vhich r'-s'me'ant1to be a rough' profile of te'Cllnical 'chánite, 'at';least
• ~ .•• ~.• }; .•.~: ~ _J ' -*' ~ ~
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looks reasonable. But on second thought I decided that 1 had very little
prior notion of what would be "reasonable" in this contexto One notes
with satisfaction that the trend is strongly upward; had it turned out
otherwise I would not now be writing this papero There are sharp dips
after each of the World Wars; these, like the sharp rises that preceded
them, can easily be rationalized. It is more suggestive that the curve
shows a distinct levelling-off in the last half of the 1920's. A sus-
tained rise begins again in 1930. There is an unpleasant sawtooth charac-
ter to the first few years of the ~ A/A curve, which 1 imagine to be a
statistical artifact.

TilE OUTLINES OF TECHNlCAL CllANGE

The reader will note that 1 have already drifted into the habit of
ealling the curve of Chart 2 ~ A/A instead ol the more general ~ F/F.
In fact, a scatter of ~ F/F against K/L (not shown) indicates no trace
of relationship. So I may state it as a formal conclusion that over the
period 1909-49, shifts in the aggregate production function netted out
to be approximately neutral. Perhaps 1 should recall that 1 have defined
neutrality to mean that the shifts were pure scale changes, leaving mar-

o ginal rates of substitution unchanged at given capital/labor ratios.

Not only is ~ A/A uncorrelated with K/L, but one might almost con-
elude from the graph that ~ A/A is essentially eonstant in time, exhi-
biting mor~ or less random fluctuations about a fixed mean. Almost, but
not quite, for there does seem to be a break at about 1930. There is
some evidence that the average rate of progress in the years 1909-29 was
smaller than that from 1930-49. The first 21 relative shifts average
about 9/10 oí one per cent per year, while the last 19 average 2t per
cent per year. Even if the year 1929, whiel! showed a strong downward
shift, is moved from tbe first group to tbe second, there is still a
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••.,}O-

:contrast' between'"an avérage rate"of'"1.2 percent~4.iÍ1 the ,firstrhalf,and

I.'9 per~c'en"tin'the secónil. Such,t'!osthoc splitting-up of a;period.Í's.
, - -~

'always dangérous'.P,erhaps 1 shoul'ddeave itthat:there is.sonie evidence

tliat technical charige (broadly interpreted) mayuhave accelerated after

1929. ~., 'C J •.

:.~:e.~ ~".~ ~¡ .•',fi;.. ~'Y' ,:1. :.'~ ..t:

The over-al! result for the whole 40 years" is an average upwÉu?ci
..•.. J_ . i ';.. >. ~.,~;~. • _{.- ~., < :~-'~3 ". . ~ . ,. .'" • -. 4" ~ ••

sb;ift of about 1.5 per cÉmt per year. This may be'compared w'ith a fig~re
-"-. ;;..:;:' ~~- "' ".. 'r .itl~-~. -"";.;.".:;r.-, _ . t ~ '. ~

oí ahout .7,5 percent per year obtained by ,Steran' Valavanis-Vail by a
. ~ ::": _ ~ ..z.f. ::... _~. ~~} ,-f'. -~ l . .;.~+, _ _ ~>-~':'¡'" . - ',~ .;' 4

differentand ratherless general me"thod, for'the period 1869:"1948. Ano.,,;,
t ~~ - ,. .t~ ~-., .-.. . - ",

ther possfble comparisonis with the output-per-unit-of-input computations5 .
of Jacob Schmookler, which show an increase of sOlile 36 per'cent in out-

putper unit of inputJ?etween the. decades 190+;~~~ .~~d 1929-38. Our A( t)
rises 36.5 per cent betwe,en 1909 and 1934. But these are not really com-

: parabl e e'stirnates',siÍlcéSchmooklerv.s figures'iriclude agricul ture.r',J, ~s ~a;ol:a~t'gin~r.a,~: c:nclusion, ~~af~er whi cb'2~' :~ll,le~{r.e 'the interested

reader to his own impressions, over the 40 year period output per man
" , , ' _". !-.. " J.:." r' " " '.' " . .

honr, approxill1ately doubled~ At the same time, according 'toChar't 2»- the

cumul~'ti v~ ~pwarci' shi'tt 'in the pr6'd;:ction func'ti~n w'asab'o\it~' 80 per'cént •
. -":'"." ,ff .t~.~ '~..•_.:~! .'" - '~'-',s._,;~(o: _ ~'_:-'~r4:' .•. ~-' :~'~-,~.;d., ~'1'

-lt fs pos~ibl e to argUethat aboutone-eiglithofthe total' i'ncrease fa

, t~aceabl ~- tó1 inc~easedJ'capi t~l p~~ máh hour, "a~d~,"the-rema."i'ningseven...;.
\ ,..... _ .~_.: ••.• 'F-

eighths to technical 'chañge. The reasoning is'vthis: - rea1GNP per ínan

hour increased from$.623' to $1.275. ' Divide the, latter" figure by 1.809 ~

whieh isthe 1949' valuefor A(t),' and thereforéi,the full shift ,factor for

'the 40 years; The result is a "correctedl' GNP.per man hour, net.of

4 S. Yalavanis-Vaq, "An EconoJ¥e;tric Model oí Growth» U.S.A. 1869=
1953,-" American EconomicReview,' Ptt'pers and Pro~teedings',XLV' (May
1955), 211.",! > .••

, .'5 'J. sélun~okler, '"Tli~ Changing' ~ffici ency of theAmeri-~~ó Economy'-
1869-1938,". this"Reviea,(August 19,52), 226. ,4.. •• '¡ •
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r
ofweights.for computingan aggrega:te

:1
Not' on1y"does :...the~usuI1Ll:choice

1,

B
iI

11, '1
'1

6" ,1
.For: the.first_half.~fithe period, -1909729~ asi~ilarcomputationl

attrlbutes .aboutt one-thlrd ,~of the observed lncr:ease 1.n GNPper man,;".b.ou.r
to incre~sed ca~itkl .inten~ity. 1I 1

1
'1 1I : t

7 ,,1 11

S. Fabricant, . ".Economic 'Progress andEeo~.omic Change, w 34th I1

Annual Repo:rt óf": theNatio~a1'Bureau oí ECOnOIDl:CResearch (New Yor~,
1954).

" I'¡'¡,I
'1 '" '11

!¡ 1
1
'1" "
I t . I1

tecbnical" cbangEl, .óf $.~705,.1 :"Tbus .about 8 cents:, of the 65 cen _lncrease

.can be, iniputed:to.increased',capital intensity., ¡nd the remainder to I

~BcreBs.d ~rOdU.UVity;6!. ... I 1

(;Of ~course ¡,t,uis :is 'jnot.~ineant "'"to'suggest tbat the observed rate of 1I

.technical.-.".pro'gres's:~~would':havepersisted .ceven if tbe rate of _investmentll
, 11

hádbeen :mueb"smáll"er:or,'had "fallento"zero. O~ViOuSlY much, perh~ps :1

.nearly",all,:innovátion:;must:!.be,~,'embodied-in"new plant.and equipmentlllto b
l
e

I :, I
realized~,at.all. 'One .coul!dlimagine-:tbis process 'taking place without 1

I
" ,1 ¡II

net capital formationas,ol'd'-:fasldonedcapitál goods arereplaced 'by.the
!J . !~

. latestmodels, :..so",that T. the ..~capital.;,.labor "rationeed not change systema'ti-L . l'

l.:ally • But,-thi s:rai'sespro,bl-ems. óf ~definition'a.nd measurement evenmore

formidable -than _theones:~afready-~blithely-~ignor~d. Thiswhóle' area of,'¡
,1 . "

interest,,¡has.been,stressed ,jlby}'Fellner. li 1;'1

1

~I :1, ~ II

':For)l:comparison,3S01omdlnJ'Fábrieant 7;has"est¡~mated"thát .,over ,the pe:-
, ' •. '1

dod 1871-1951" abotit ~90: pe,c:.cent<Óf::the ,increas,je' in output per ca~i ta lils

attributable to technical progr,ess. ;:Pr,esumablY".this :figureis bas,ed ~ol~

the staIidard..'sor.t ó'f :.outp.u.:t7'-per•...unit .••of...•input c:alculation. 11 '

11

Itmight .seem .at. first ,gl.ance that ealculations of output per unt't

f . t •. "d 1 t' 1 t .,1 f f . 1Io resource lnpu.p'rovl' e ...a re.a 1ve y -as sump Jl.on- ree way o . measurulg

productivity ch,~nges. ',Aetu.ally 1 thiillc the imp,licit load ofassuJptiJlns
, , ' 1I

is qui teheavy, ,and: if/anyi¡hing--.the<method.proJosed above is consiiderably
" " .• '1 11 :1

more general.; 1I .' ::
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resourJe~inptit invol v~ sométhirig Ahalogo"Us "tO,;iinY' assumption 01 eoillpeti ti ve

factor' ma~ket;, t"Blit' iniaddi tion;,ihe.crite.ri~h1: outpllt+' ti '\veighted sum

of inputs \Vould seem tacitly ,to assume (a) .til1h"7 t'eéhíiical 'chaÍlgé_~isJleu=

tt'aT.and (b) thattheaggregate'pro.tiuction funct-ion. ~sstrictly linear.

,. f 'This. explains -\Vhynumeri~al restltts~re so 'e~()s<ely par~lle~.; for, the two

':1l1ethod$. '. '\Ve.have.al reati~ verified~the 'neu trali :!>y¡,,.a1!d as!~11..,bese en sub-

seqtlently;:astrictly.1iIlear'px'-o:duc;tion, ftinc-ÍioIl,,,gives anexcell ent fit;

,';.th.ough.;Cle,arly. inferior, to some>al térna~i ~.e~}.' .l~.":]>,-.' .. -,

.'

'i "".~~,.1 ."':;}2-.,. -tW :".' -~,:.,~\;J~'t~,~ [~.<:. _~; - -~

Returning n,owto :lihe aggregate 'product.ion function, we háve earned
. '"~., '_~ _ " ,':- ":- .-~f).-' 'C >t~ e ~~~.::::' ;~. , ".,:;;~' :-' -~.'i :~_

the right to'write i t lntheform (la). ~ Bytise of the (Practically un•..

,.,. av,oYdabJ~)' ¿s sunip¡ti~o'hof"edns tan~f~'et~rl~s ;'.t~'_;scál'e, tlli's'ea.n be further

"-s~imp"¡iii~d t"Othe 'forii ) J." ~,"~J.'h.,,- Al,' ':

(3)

.~" .:,:... .1.:,.,;.:-1' -""- _ ',. ,...-;.;~;-.;t... , __,,:.>-:."¡o ~_ ~_ ':0"'-:--., _ i- ," ~ ," ~':'- ::-:'..,~~_,-lt-'"':' _-~ ji""' _, .';' •
which formedthébasfs oí. ,Chart'T~' - It \Vas th:ere -'notedthat a sx.mple plGlt

of .9. 'ag'atnst" .1t"w'~fiÚ!¡'~iV"~'.á dis':t-~';rted~~;Í~Li~~"'~ieá\íie'¿f' the Jslfüt -factor"
4" ~ 't- -~¡~ t;s-~-*= +-:~~~:~_"~- ~"~{,j. i",_-; ..t:_~':;_<;.; .. c

"

.;:

,'~

8 .t'" ,," ,
For an exc,ellent discussion oí some ofthe problema, see M. Abramo=

~i tz ~!tésourees .andi"Ó~tpu:tTr,ends .Jiu ~t!te U.S~~,since' 187,O,~Ameri canEco"'"
nomic 'Review, Papers and Proceedillgs; :xLVI (May 1956), 5=23~' Some oí

'the questiolls there raisedeould inpriricipt'~ be answered by the method
Rsed here. .For e.xample, thecontri bution _of impróvedqualIty oí the labor

..force_,c~uld"b~ ?andledby introd~c~ngvari?u~ ley~ls,Q! skilled labor as
separate-.iuputs •. ,~ owe toProf:,;T~ W."SehuFt.z 'aliéightened, ~wareness

'that a 'lot of whát appears 'as shif'ts in the. -p~odü¿ti9~: fdnction',must re-
present improvemeut in the quali ty 'ofihe taij'br ''iripu't', andtherefore
a resul t. ofreal, capital formati~,nof an imp,ortl!ui> l~ind. ~or, ought i t be ,
!orgottén'~h~t,"e-ve~:" str~üghtte~~Hi'C.al '~rog,re.,~~'has,} a' ~gs(:~.~4e •

•.
• . l,
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Each point \Vould l,ie' on ¡a different member oí the family of:, pro,..
'1 ",

duction curves. But we have' now provided ourselves wi th an estimat'e o,f
j - 'i 1I

the successive values of the shift factor. (Not'Je that this estimat"e is.
II :1 li

quite independent¡of any hyriothesis about theexact shape of 't,he produc¡

tion function.) It followslfrom (3) thatby plo,tting q( t)/ A( t) agains~!

k( t) we reduce alltheobse~ved :points to a sing'le member of the fart1ÍI~

of curves';in Char'~l, and wJcan then- proceed to!: discuss the shapeof

f(k, 1) an~ reconstruct the dggregate production Ifunction. Ascatter 0'£
:1 , !/ 1) "!

qjA againstk is shown in CJiart 4." ii JI
,1 _ I1 :i :¡

II ~Chart 4 1

1
1I

j .14 j[ ,1 1['

'lqJ 11! .' 11

.12 ¡ • l'ee
o 1

1

i.a ,,,. !I

• :0- i
1.01' I

.~ I
•• I

¡e
.• 1

;:. I

ii: ji
!,1",

'1 1I

1, I1

li
1I
'.

A( t).

.~.

~..,..~-=-,------

Considering the amount~of a priori doctoring which the raw figure~

have undergone, the fit is ~emarkably tight. E:icept,that is, for the.

layer of b(ünts which are o~Viously too high. fhese maverick observations~ ' il, i !
relate t0

11

the sev,en last years«?f the period, 1~43-49. From the way they

lie almoslfexactly ,parallelll to tha main scatterj one is tempted to cont

elude tha:~ in 1943 the aggrtgate' production funJtion simply shi fted. But
, 1I , ,,1 il

the whole, earlier proeedur~fwas,: designed to purjfY th.ose poluts from 11

I I

1,
,1

II

ti

I " ' ;

~_U_~_~.J
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''''''", r ~shi:f':ts,;in",theJ,f~,nc-t~on(¡s,o :thatj ""~y',~;o~:t~woutdj\s~~m:(t,o ,b.e_,'cFlosed. 1

,';,' '~<~uspect:jthe: ~exp,laJl'~ti()Jl,'may 1i el<:.irhs~m.e;iSlys.:,1;em,.flHe ,i,~:c,o~p_ar_~bHi:ty of

',,' \' :A!~ej't.eapii(al-,i~•..u'se}'(s~tie.s. I!1~p~a!J.tJ~cuJar"~urJ!1g'f.t.h~),~~&J!t,"ere,!~s almost

Jo; :"t~ertainly;.a ~oré,ii!1;te~sJve use ,;..oJ~••c,~pi,t.al !s~~~i~~s, .,th~~p.g~"tw9__:8,nd
• ""'''''', "'. -<' •• *';~,,~~ .....•••••••..- ••.-

,_tltr,ee-shift. operatJon,than the 'stock figures "would ishow,' eVen ,\Vi th tite
:..- .•.. ;..."•. '\."'\ ....+'~ -'_ ....~-~ ..•.--"'."'t \- .•.••. ~_"lk~.- ;,'4- ... ~'.,..-.,i-:" '!::" ~;'--,¡<;., .~ ••.. ",'~ .,;,1 .'"-~_".,.;, '- .•..• -••••.•.

'{;,$.~J;,cr}lde~~cprr.e£!-~t?~~~~~~t,.;)!"'asbe~~ ~applJ e,d¿ , lt !,~~ e~~ilycl~~e.7!1,::.t..!la'l"S'¡~!lch 'an

~cu~d_~restimªt,~ t~~j: c3i,pt~~h ,inp~t~;,cl~_<!s }~~_~n'pr!r:;e"s.~~m~!e..(lf!P£od.u..~tiv-ity

:'.~,JncXe B:~e••-t '!l1ucsi,t~n :;.e,!",í..e}?,t e!1ch. p~;,,,t~,e a~f ec ~_e..•~.i,p~(),"~~t.s;.•.sh,~llld.:'~r.eatlly li e.
higher and toward thei'íght. But furtber 'analysis shows that,for the

) '. - • " ~ 'c:..- ~ _,~' .:t _, •.~.~ •. , ,,>,-~,';"': .•••• '-'¡ __,'....,. ">. "ol ." ~;~ •.•• ;¡:::... . A,¡' ~,:.;..

ordersofínagni tude invol ved,thé ne,t resul t would be to pull theobsel" •.•

vations eloser to the rest' óf t¡fe scatter.
~: ": ,~~~--, ••• - _.'ioo ••• ¡c,. --"-, ~ ~...., .. ~~- _ ~ _ -:.. ..• .- _ ..••••.••• ::~Jr-~ .

Atbest :libis mightaccQunt £01' 1943-l945~, 'l'here remains the p061;,=
l ." ",ji,"" ,p'

warperiod. ~lthougb: it is possiblethat mlüti:"shift operation remained

fairly widespleadev;riafter the war, i,t is;~n~ikelY that tbiscouldbe
:. ',; tij~ 9

nearly enough'to explainthe whole discrepa~ey: Qne might guessthat

accele~~ted,~Jortization c~uid~kve resul tedr:in an underestimateofthe'
~ .. ,~, _ _. .,.; . ,,' ~ .. "; ..

capi talstóc~lafter 1945.. Certai,~ly ot~er,f6~~arch w~rkers, n~tably
Kuznets an4;~~rborgh, have produced caplta1:stock estlmates Wh1Chrather
. . l~' '>"r' -~ ~

exceed Goldsmitbis at,the end-of the period.,~~~¡,But for the present, 1¡ " '"

1eave thisamystery. r{ .:;L~~~
In a firkt~verstón"'of 'this"paper9:'~I resolutely let the recalcitrant

observationi'stah'ci' a:.they \fer~ i~'~~ re~re'ss'ion a:nalysis oí Chart 4,

mainly-becªuse such casual amputation is a practice 1 deplore in others.
~ " -"':.,i'( 't.-:tl'-.' .;.•_~, ""_;-'_:~ .:-,., ..•. '-.. 1, i- , ~" ,-',' ~ ;---' '''[f(.,.\~ ' '" ~'.i, 1" ,F_~." ~

.But aft'er. some:ex'í;erimentation i1;,Ilseemed thá.t' to leavé' them in only led

':£'~notic~ab'le~dr'~'i'o'rti¿J of the,.lie"~ults, SOI$twi'th 'sóine\tlite.~g'¡vings, in
: ;.,:'" \.-": :i .~:i • , ".!.. :.... J'.' 7- L ~ ~::. ~,.,> .'.."..~"':~:-:',4..,.::: h-:!j¡i, ,"~" ~!

----------~~<.~1~,'-~1
'.':"!":'.::: 1: 9"?- .",¡.I';4~,.tl,r, ',i~4;,U. :':""" .t;~..:",'.. ,'. H'.~ -;.. .~:_i~?: "'~~~~',"~'l~~t:-...j=~-'{,J.;L".~C't :'.H!.~ .

. It '1.S cheerlng to ,note that ProfessorFel'iner,' s ne\\' book V01ces a
,_o,suspicion that.the ',postwar .has S,een"'B substántiáh~increaBe ,over Jprewar
'_.in-.t~e ,~re.valen~e .ofrr.tlulti-shiftIPp~ration.ªee ,~1:r~~!!sa.nd,9yc~ ~s in
, '$conomi'c ~cti\rity(N~w.York, 1956) ;92;" ""I".h,~. d ',; • h

",
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those observed.

I!
~
'1 li
!j, i~
1,1 l'

Ir

!
'II ' '111 ¡',,!" ¡

the regre~sions 'tha~ fo11o~ 11 llave omitted the oh¡servations for 1943=
l - :

1949. lt '¡'wouId be better if¡ they could be otherjvise explained avay.
r i

Chart 4gives an in:esc¿pable impression of burvature, of persistent
". I1

but not vio~eIit diminishingreturns. As for the" possibility of approach ..•
- ., 11

ing capi tal-s~turation, th«7x;eis no trace on thi;s gross product lev¡,~l 'Ii
but even setting -aside' all~ther: difficul ties, such a scatter confe'rs no

particula:r license ,to guess "aboutwhat happens ~!t higher K/L ratio s!!"thJ~
'., 11 11 t,i '1' 11'

I ~ . ,1 .111 1,
.~. '1" I1

~ . f! I!" i; i~
'i ~ ' 1;

As f?r fi tting-a curve :~'tothe scatter, a Corbb-Douglas function
i

, cot:q,es

immediately to mi'ud, but th~n sO do several othe'r parametric forms, with
.l I¡ ;¡

li ttl e tO¡ichoose amongthempO 1 call' t help fe~ling that li ttle 01' no~

tlling han~s on the choice o~ functional form, bJ,t 1 have experiment!ed ,~ith,
,: _,1 1, ,1

severa!. :1 In gelleral 1 limi ~ed mysel f to two-pa~iameter fami li es ofcurves,

linear ill~.~thé parameters (fo.I,~rcomputational con~.lllenience), and at least
,1 I '

capabl e ot exhibi ting dimhl~shing returns( excep~ for the straight Hne

which on this account proved inferior to a11 otlÍers).

The particular possibitities tried were thé following:

11";,.

¡II"

"11

:1
11,

11

q .- a + ~ k ,1

q :: a + ~ log k
q :: a - (!J /k:

; lóg q = a -. l~ log k
log q = a - ~/k"i

"ti

J' ~::~

11 ¡::l
~ (4e)
~,

" :1

Of these, (4d) is the Cobb-Dougla,s case; (4c and e) have upper a~ymp=
- 11. -

totes; the semilogarithmic~(4b) andthehyperbqlic (4e) must eross tha
'1

horizontal axis, ilt a posi tivevalué of Ir and c04tinue ever more steeply
1I . li -

----: ----- 11 I!
11 110 A dO" o 'f t I1 'bl' o • í .', 11SCUSS1ono he. satne pro ,em 1n a d1 f~rent context 1S tobe found

in Prais ,and llou'thakker, Th~ Analysis oí -Family;Budgets (Cambridge, Ent-
gland, 1955), 82-88. See also S~J.Prais, "Non=Linear Estimates o~ th~
Enge1 Cu,."e•• ' Revi ew oí E.onomio Stadie •• No. 52 (1952-53). 87-104. 11

!1

11

I
:' '1..~~--.j.
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but. frrelevan.tlydo\vnwaid (which,meánsioIily:lthat!..tsol1le.posi,tiye k. must be

,.achi'eved:.\j'efo'reanyoutpu.t is forthco¥Íingil; 'b~ti this. ,ls-far, out,side tbe

r~!,:ge ,~fo!>se~vat'~o.~h .,.( 4e}.begins at the or1gin with a pbase of increa-
~ • .¡ •• ~;¡""-' ~-... .l~".~,.. .~ :, -~""~¿ •. :,, '::¡-1-.,',~.,'.- j.., il;:; ij',l•..•'?t.;.'" "t -t.' ...., ] ."'"'

~,..~in!J; re;t~.r.~s!:¡l~d. ep~.a.w~.th aph~!!~ ..~f dimini!3hing r.e'turns~the point of
" ¿}Pf.l~c~io,nocéur's :at k~~.~/2 .•~~~t~~ediess't~ol':~':~~ll; ,~~.; ~b~er~ed points

~- ~ 4' ,..•.'4.- i> ...•~.f • ~,', .•.•.•• 4';'-'-'< < " .; ~';¡';'L.- t~..! '-.:.-:r"¿,.: - _-.. ,~,,:,,;¡"~.:~J_r f" ;L~-::; :,.-;- .~-4.-,; ~ ,.... ' ~

c"~ _ • ~<:o~e,well to the, right ,of this.,_t ...•. ~.." '. >,c' .. ,. ~'.~', •.. ;;'1.,'''1", ~'. :,,'\ .,~ "

'.... The?resurts~óf "fitting theseif'ive .curveEH,tothe. ,s.catter ..:of Chart 4

are shown in Tabl e 2• ".':r> • .')' " -

-~ .f "

...
,

".~ i.i- ::..:'I

e 't'd"' ..1-

. el

:c '¡43ft'"
.' ';4A8'~,<,

~~~~}~ ••t

," .--.0.38,,1'

r" ,,

:'091 '1.'.::¡ .9982'" "
.~239 \li¡~ 1.99.96., vI
.618 . .9964

. '~353'<"";' ;.l)'996 ~';'1 '

.913', :' .9980;

.,

The correlation coeffici,ents are,uniformlyso high that one hesi-
¡,,-', ~>,r'" ~. - •.••••. ~ .,".~t- ;t.l:. ~;.::~~ .•. l'." f ,,'" •. ~.

~tates to say any more .than that a11 five functions, even the linear one,

areabout e<.u-~Vlygoodat represéD.ting the .gen.eral shape oí the observad
~. ~:; _~.~.J; • _ . i ' 1, ~, ~ ~ . o

, p01.nts. From,.th corre1atl.ons alone,-for. what they are worth, 1.t appears
~~ ,.- . - ji ~

that the Cob:li;";Pouglas function (4d)' and th~semi'l~g~rithmi e (4b) are a
.' ....':} . . '11 .bl.t better than theothers. ,"'~ '. ,~ .: - ",'J

2'.":J' "''''~tl' f" .•. l,ii''; ",. t',''>.};;'. •••' U.,~;~ >,~_~1" ,1¡'';,';\4' ". ; .•

f',1, " ,It ,wouldbe fQolhardy for an outsider (or maybe e~en an inside::ro) to
". .... ~".' .._•. ' ,,_>~ ,-::;¡_ .. j"'.''''~;..:I';<'.'_'': _,' _ ~t..;!~""l"". ,. ~ * -, Thazard a: guess" abou t thé stati st'ical properti'es oí ,lthe "basic time serí.es.

A few general statements 'can be made, ilowever. (a)The natural way to
introduce an error term intot~e aggregateproduction-function"is multi-
plicatively:Q := (1 + u)F(K,L;t). In theneutral case it is apparent
:that the:erro:r'factor wi11 be ~ab$orbed into the;;.est~m~i>ed A(t). Then .ap'"

':: ::' pro:ih~a~elY"'the .error i~',A A/ A ;,*111b~:'AU./I,.d"ru'. <;~?~rJ:!! h~a zep~.mea~,
: .•i'7' -"the var1.ance" oí ...i,he estlmated AA/ A W1U. be ~pproxu,na:tely 2k~ ....p) va!":!!,

~>~Jwhere ..I!.~is'the:firsi,bautocorrélationof the'.~serh~s~ .•A.b)' S~pp~se that
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Since all of the fitted curves are of the form g(y) = a +¡e h(x).
one can view them all as linear regressions and an interesting test of
goodness of fit proposed by Prais and Houthakker (~., page 51) is
available. If the residuals from each regression are arranged in order
of increasing values oí the independent variable, then one would like this
sequence to be disposed "randomly~ about the regression lineo A strong
"serial" correlation in the residuals, or a few long runs of positive re-
siduals alternating with long runs of negative residuals, would be evidence
of just that kind 01 smooth departure from linearity that one would like to
catch. A test can be constructed using published tablea oí critical values.

This has been done for the linear, semilogarithmic, and Cobb-Douglas
fuuctions. The results strongly coufirm the visual impression of dimini-
shing returns in Chart 4, by showing the linear function to be a systema-
tically poor fit. As between (4b) and ~d) there is little to choose.12

A NOTE ON SATURATION

It has already been mentioned that the aggregate production function
shows no signs of levelling off into a stage of capital-saturation. The

The test statistic is R, the total number oí runs~ with small values
significant. For (4a), R = 4; for (4b), R = 13. The 1% critical val~e
in both cases is about 9.

marginal productivity distribution doesn't hold exactly, so that K/QoQ/8K =
wk + v, where now ~ i8 a random deviation and wk is the share oí property
income. Then the error in the estimated ~A/A will be ~ ~k/k, with va-
riance (6k/k)2 var~. Since K/L changes slowly, the mul tiplying factor
will be very small. The eífect is to bias the estimate oí ~A/A in such
a way as to lead to an overestimate when property receives less than ita
marginal product (and ~ is increasing). (e) Errors in estimating A(t) en-
ter in a relatively harmless way so far as the regression analysis is oon-
cerned.. Errors of observation in ~ will be more serious and are like1y to
be large. The effect will oí course be to bias the estimates of)3 downward.
12
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i i two':'curve's :ÍIf.'Tabl e'"2 ,dvhich havéZ'úpperasymptotes ('e átid e )háppen to lo,...

éate thát'AsymptoieatJ>,aboutthe"same piace~,;Tliéil:imiting values'.of A are,

, resp~cti vely ,'.'.092; and". 9.7;; Of..eourse' these ,are both '~t.rueasyn1p'totes; ap-

proáchedbut; not'-reachedfor anY"fini te ,valué ,of .!f/' It coufd 'IÍotbe other-

w:Lse:' no analytie. function can 'súddenly revel' off iánd; beeome constant un-

less it hasalways been constanto' ':But: on the ,other~hand,.,.thel'e'is no rea-

son 'ti> expe ct, nature "tóbe infilíit.ely di f£erenti abl e o' 'Thus' any' 'éoncius], Ó~$

extending beyond 'tIle ratlgeáctually,'observed'1iti Chart: 4 ,are neeessarily

treacherous. 'Blit, tongú~in cheek;:>ifwe take ;95;a8' a'glless'at tile satu-

ratión' level 'ófi,g:; aii~"use the lirie~r functioti (4a)"(wb:ich ..vi11 .get there

~fir~:t?) as, a<~0~e:r7:1~~~t.g~es~ ~:t;,tlte. sa"!,urat!2~,,1~v,eJ,!oir ~; it turns out
. .

tobe about.5.7,{D1ore than twice.its.present.va1ue.
~ ~ •.•¡ ',. " ~;.."," ,''''' ;~'~-' "'" ,~.-., 4,..'~ '_.' t "'-,~,.)'.~.',.

J •

1~''''--~,*~:
. ' l,3ut '¡nI thie.is ift'terms oís'grosa oütput, l~,where'as íor analytic pUl''''

poses we afe~:ltiterested"in Úl~ ftei"prodti~tivi'ty of -capi taL The diffeJtence

between the two is depreciation, a-subject abóut which 1 do not feel able

to make guesses. If thereW'ere more certainty about the meaning of exis ...•
, ¡. "', ~ ~A:, '-'

ting estimates of depr'eeiatiori;'" especil:i11y ov~r long periods oftime, i t

would-have.been~better to conduct tile whole analysis,in terms/of net pro-
,~,~ ;.;:- , - - ~ ••• ' - .•• ,;:-. ;".,t,.:. t .•~_. .' .. ;:": .~" >;,~.c ..•..n . --~ .

. -

,However, -one can say this. Zero net marginal producti vi ty of capital

sets in when gross marginal product falla to the"margiual :rate of depre='
:/' • 1 .•.• ; .i f. .•. ..: r.;,-!" ~., '~i .'. ,t.\i'; o't~_ . "'l-t-,~ ~J:..~'. __ :: _'~--j

.' '. ciation," Le. when adding some cap! tal adds ot,ily el.!()ughJ)rród~ct to make
"'"" __ :3. .,. ~-<A" -," "1;_ .~, ".. ",' ",:'.,", _ ~._,~. ~

-góod thé.depreciationhon<the increment 'oí capital itself .~"',Nowin I'ecent
~. . ,. "j ,.' .' '.' 1-, " .' ';' ,..', ,', ''.) " <. _ ':

years NNP has run a 'bi t over 90 per cent of GNP, so ,capital consuJ1lpt:i.on
_. ~ '" 1 I • :'. :.:-- .,of- '.'~- • • _ ., , ": "f' ~ 1.,¡; j-,. '. ' . .. .•• _ ~ • •

is':a.bit underlO peréent of'gross-óutlmt .• Ftom..Tablé I:itcan be read
~ _~_ '._' '-"7 l.: ,~~.'~ .•••••••• '- .~~ }.' . "("'~t~J ~"U~: ~.

,that capital per unit oí output iS"say, betwe~n 2 and 3. ,Thus allnual
,~ ~ ,_' _ . i. ' ..~' •• ,_: ~ ~_ , v .•:- . ~ <', ...,_~ ' ,,.. .. ,~ .•• <

d~preciation'is'\bet\veen 3 and 5pericent"of the:capitalstock~; "Capital~-
,' •. i~. '~, .,t.",,,, ~,~ ._.~. f ._ F""-;, h..~'-~-;--".f-_.- .__",:_-,.~~~~~.,¡,., j~.-. ';'f:.~.' ~'._', i' ~

saturation \Vould occur whenever the grosa marginal product oí capital

l,~' fapstÓ :'O~~.'~O~~''E~iil.g~/4b), t~~.r'''''o~l~' ~a~\~~)ii~~~IL:~~:io~~?,f"around.
,,! J.r.rlt.~:~r} a.i .~~.:"~.. .~,.f ~1 .

«ot",;.
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