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(ln this day of rationally deslgned geconometrlc stu
eutput tables, lt takes somethlng more than the usu

of disbelief" to talk serlouSIQIof the aggregate pxy

dles and superwlnpuﬁm

al "willing uuspQHSLen

Oductlon function. 5

But the aggrevate productlon funct1on is only a 1it

econcept than, say, “the agg regate consumptlon functi

[
. . i
of long-run. macro—models it is almost as indispensable as the latter le

As long as we 1n51st on practici

L_pall need aggregate relat10nsh1pnﬂ

_ Even so, there would hardly be any Justlflcat1
this old—fashloned toplc if I- hdd no novelty to sug

I want teo descrxbe is an elementary way ‘of eewregat

tle less legltlmate?a
onn, and for some klnds

ing macro-—economicaywe

bn for returning to) 13
I

The new wrlnkle

gest
ing varlatlons in emtw _
e e

to changes in the!?

put per head. ‘due to technlcal chanﬂe from thosge due

e T

availability of capital per head Naturally

f%ermatlon has its price. Im tﬁls case the price co

guired t1me serles, the shdre of labor or property

everyu

%n t@t&l 1neeme,

‘s o4z . [

~add1t10na1 bit of #nm
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ns1sts of one new re-
b
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angd

L§ee new assumptxon, that facters are paid thelr marglnal preducts.v Sin@e,

the former is probably*more respectable than the other data I shdll use,

and since the latter is an assumptaon often made, the price may net beh

N
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mnreasonably hlgh

Before goxng on, let me be exp1101t that l weuld not try to Ju@mﬂfy

what follows by ealllng on fancy theorems on uggreﬁ&biom and lndex ﬁ

o tamas i

I owe a debt of gratltude to Dr. Louis Lefeheq

assistance, and to Professors Eellqer, Leontief, S
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numbers, Elther thls k1nd of aggregate economics appeals or it doesn't,
Personally I belong to both schools. If it does, I think one can draw

some crude but useful conclusions from the results,

j;THEORETICAL BASIS

I will first exp1a1n what I have in mind mathematlcally and then
(Elve a dlagrammatlc slmpler. If Q represents output and K and L units,

then the’ aggregate productlon function can be written as:
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‘The varlable t for t1me appears in F to allow for: technical .change. It

will be seen that I am using the phrase "technical change" «as a short-

hand expression for any kind of shift in the productlon functxon.' Thus

i slowdowns, speedups, 1mprovements in the educat1on of the labor force,

-3

* -

and all ‘sorts of th1ngs will appear ‘as "techn1cal change.

1 . ERY A

_ It is convenlent to begin w1th the spec*al ,case.of neutral technical
change. Shlfts 1n the production {unctlon are deflned as neutral if.they
eave marg1nal rates of substltut;on untouched but slmply increase or dem
,crease the output attalnable from glven 1npnts.1ﬁ5n tnet,gase the produc-

tlon functlon takes the spec1a1 form

R Yl

F ) --Ti w ’ Q = A(t)f(K,L) * N :‘ N ) . ._‘ ‘ ’ !(la)
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1 Mrs. Robinson in.particular has _explored many.of the profound dif=-

r_ficulties that stand in- the way of giving any precnse meaning to the

"quantity of ‘capital ("The Productien Function ‘and the Theory of Capital,®
Review of Economic Studies, Vol, 21, No. 2), and I have thrown up still
further obstacles (1b1d., Vol. 23, No. 2). Were the data available, it
would be better to apply the analys13 to soeme precisely defined production
function with many preclsely deflned inputs. Oneé'can ‘at least ‘hope that
the aggregate analysis glves some ‘notion of the way a deta1led analysls
would lead. ¥
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and the multiplicative factor A(t) measure the cumulated effect of shifts |
over time. leferentxate (la) totally with respect to time and divide . i
by Q and one dbtalns ” i
! ‘ |
© L] ) g a * “
A 0f K  0f L J ;
Q 4 2K @ 2L @ |
| . clesfieided de fwwg;
. - QQ K Mfk&b r
b where dots indicate. time der1vat1ves. Now. define wigi= —= EB and i
) oc M
Qk%‘%&p? YL = %%%: %: the. relative shares of cap1ta1 and labor, and substitute in
2
Qde ob® the above equation (note that 'D,Q_/OK = A »af/aK, etc.) and there results,
‘ ,2 yr‘ AW . : ; (22)
:1 ’ Q A l LL I : i
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From the time series of Q/Q, wk,l /K wy, and L/L or thelr discrete year—
QEZZfﬁffégﬂlﬂgﬂffl‘we could estlmate A/A and thence A(t) itself, Actual-

ly an amusing thing happens here. Nothing has been sald so far about re-

turns'to scale. But if all factor inputs are classified either as K orTL

then the available flgures always show wg and wy addlng up to one. Slnfe

we have assumed that factors are pald their marglnal'products, this amoﬁnts
to assuming the hypotheses of Euler s theorem., The calculus being what %
it is, we mlght just as well assume the conclusion, pame]y that F is homo=j
geneous of dewree one, This has the advantage of maklug everything come
out neatly in. terms of 1nten81ve[|'magn1tudes° Let Q/L = q, K/L = k, WL

I - wg; note,that q/q Q/Q - L/L ete., and (2) becomes

— : . L QL

q A - k | Q: 7 W’(‘

— =+ Wi Lo (zzb)
q A Tk : !!

Now all we need to. d1sentangfzathe“tﬁﬁﬁﬁiﬁal change 1ndex A{t) are seriles

1

for output per man hour, capltal per man hour, and Lhe share of capltal,

So far 1 have been assumlng that technlcal chang e is neutral. But xf Wer
go back to (I) and carry out the same reasoning we arrlve ‘at something very
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like_(2a), nemely§‘, i'kl“

tlplled by the same factor to give a neutral upward shift of the productlon
: functlon for, perlod 2. The -problem 1s to, estlmate thls shlft from knowledge

¥
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It can :be.shown, by, integrating a!partial d1fferent1a1 equatlon,.that 1f
F/F is independent of K and L (actually under constant returns. to. scale ~only
K/L matters) then (1) has the speclal form (la) and shifts in the production
functlon are neutral If in add1t1on F/F is;, constant in time, say equal to
a, then A(t) = (I + a) - : |

The case of neutral shifts and constant returns to scale is now easily
handled graphlcally. The productlon functlon 1s completely represented by
a*graph of- g agalnst 0 (analogouslymto the fact that Afs we know the unltnﬁut=}}
put-isoquant, . we knowmthe whole map) “The trouble is that thls functlon is _
shlftlng in tlme, S0 that if we observe po1nts in the- (q,k) plane, their move=?

- ments are. compounded out. of movements along the . curve and shlfts of the curve.

In Chart I for. instance, every ordinate on the curve for t = -1 has been mule.

of - p01nts Pl ‘and P2. 0bv1ously it would be qu1te_m1slead1ng to flt a. curve
through raw observed p01nts like P1, Pg and others. But if the ‘shift factor '
for- each poxnt of tlme ‘ean be estlmated the observed p01nts can "be corrected -

. for’ technlcal change, and a productxon funct1on can then be* found: 2 Tt
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2 Professors Wassxly Leontlef and W1111am Fellner independtly poxnted out'
to me that his "first-order® approxlmatlon could in-principle be improved.
After estimating a production function correctedpfor technical’ changé (see-

‘below),,one could .go back and sue it to provide a , second approxlmatlon to- ks

the shift series, and on into further lteratlons.‘*‘ -
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The natural th1ng to- do, . for small changes, is to approximate the,

period 2 curve by its tangent at Py (or the period I curve by its tangent

at Pl) This yields an approxlmately corrected p01nt Pl2’ and an estlmates

for AA/A namely P12P1/q1 But k1P12 = q2 = 6q/®k Ak and hence

PP =gy - qp - -9a/dk Ak = A q -9q/2k Dk and Da/a=P P /q =

Aq/q —aq/ak (k/q) A k/k A q/q - Wi A k/k whlch is exactly the conca1

tent of (2a)r The . notmnecessarlly—neutral case is a bit more comp11cated
‘ : ;.

T oo s : ! I

AN. APPLICATION TO THE U.S.:  1909-1949 %l{

but basically similar.

i

T
i {“

In order to isolate—shiftséof the aggregatefproduction function from .

movements: along it; ibyruse of (éa) or (2b), three time series are needed:
output per un1t of labor; cap1ta1 per. unit of labori and the share of ca=

pital. Some’rough and-ready f1gures, together w1th the .obvious computa=

tions, are given in Table I,

The conceptually cleanest measure of aggregate output would be real -
net national product. But. long NNP series are hard to come by, so I hgve
used GNP 1nstead The only dlfference this makes 1s that the share ofm
capital has to include denrec1at10n‘, It proved poss1b1e to restrict the

experiment to private non-farm economlc activity. Thls is an advantage

(a) because 1t skirts the problem of measuring government output and (b)
b

l
because e11m1nat1ng agrlculturells at least a step 1n the direction of

homogeneity. ' Thus my g is a tlme series of real prlvate non-farm GNP
per man hcur,-Kendrlck's valuable work

The capltal tlme series-is the one that will really drlve a purlst
-mad. . For present purposes, "capltal“ 1nc1udes land mineral dep051tsJ

etc, Naturally I have used Goldsmnth's estlmates (w1th government, agr1=

cultural, and consumer durablesﬁellmlnated). Ideally what one would like ,

|

e e



TABLE I.—DATA FOR CALCULATION OF A(t)

K

% labor Capital @ .y Share o¢f Priv, non Employed

force stock Col.l1 property farm GNP capital

employed ($ mill.) xCol.2 in in- per man~ per man AA/A A(t)
Year (1) (2) (3) come (4) hour (5) hour (67 (7) (8)
1909 91.1 146,142 133,135 .335 $.623 $2.06 -.017 1,000
1910 92,8 150,038 139,235 .330 .616 2.10 .039 .983
1911 90.6 156,335 141,640 .335 . 647 2,17  .002 1.021
1912 93.0 159,971 148,773 .330 .652 2.21 .040 1,023
1913 91.8 164,504 151,015 .334 .680 2,23 .007 1.064
1914 83.6 171,513 143,385 .325 .682 2.20 -.028 1,071
1915 84.5 175,371 148,188 .344 .669 2.26 .034 1.041
1916 93.7 178,351 167,115 . 3568 . 700 2.34 -.010 1,076
1917 94.0 182,263 171,327 .370 . 679 2.21 .072 1,065
1918 94.5 186,679 - 176,412 . 342 .729 2.22 .013 1,142
1919 93.1 189,977 176,869 . 354 . 167 2,47 -.076 1,157
1920 92.8 194,802 180,776 .319 . 721 2.58 072  1.069
1921 76.9 201,491 154,947 . 369 770 2.55 .032 1,146
1922 81.7 204,324 166,933 .339 . 788 2,49 = .011 1,183
1923 92.1 209,964 193,377 .337 .809 2.61 .016 1,196
1924 88,0 222,113 195,460 .330 .836 2.74 .032 1.215
1925 91.1 231,772 211,198 .336 .872 2.81 -,010 1.254
1926 92.5 244,611 226,266 . 327 .869 2.87 =,005 1,241
1927 90.0 259,142 233,228 .323 .871 2.93 -.007 1.235
1928 90.0 271,089 243,980 .338 .874 3.02 .020 1,226
1929 92,5 279,691 258,714 .332 .895 3.06 -,043 1,251
1930 88.1 289,291 254,865 . 347 .880 3.30 .024 1.197
1931 78.2 289,056 226,042 325 ,904 3.33 .023 1.226
1932 67.9 282,731 191,974 .397 .879 3.28 .01k 1,198
1933 66.5 270,676 180,000 .362 .869 3.10 .072 1.211
1934 70.9 262,370 186,020 .335 .921 3.00 .039 1.298
1935 73.0 257,810 188,201 .351 .943 2.87 .059 1,349
1936 77.3 254,875 197,018 <357 .082 2,72 -.010 1.429
1937 81.0 257,076 208,232 .340 .971 2.71 .021 1.415
1938 74.7 259,789 194,062 .331 1.000 2.78 .048 1,445
1939 77.2- 257,314 198,646 . 347 1.034 2.66 .0580 1.514
1940 80.6 258,048 207,987 357 1.082 2,63 .044  1.590
1941 86.8 262,940 228,232 377 1.122 2.58 .003 1.660
1942 93.6 270,063 252,779 .356 1.136 2.64 .016 1,665
1943 97.4 269,761 262,747 .342 1.180 2.62 .071 1,692
1944 98.4 265,483 261,235 .332 1.265 2.63 .021 1.812
1945 96.5 261,472 252,320 .34  1.296 2.66 -.044 1.850
1946 94.8 258,051 244,632 .312  1.215 2.50 ~.017 1.769
1947 95.4 268,845 256,478 327 1.194 2.50 .016 1.739
1948 95,7 276,476 264,588 .332 1.221 2.55 .024 1,767
1949 93.0 289,360 269,105 .326 1.275 2,70 “so0 1.809

——— EEE L
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Percentage of labor for employed. 1909»26 from Douglas,

Real Wages in the United States (Bostom and New York, 1930),
460, 1929-49, calculated from The Economlc Almanac, 1953-54

(New York, 1953), 426-28,

Capital Stock. lFrom Goldsm1th A Study of Saving in the U?i— i

ted States, Vol. 3 (Princeton, 1956), 20-21, sum ¢f columns
5, 6, 7, 9, 12,117, 22, 23, 24, |

(1) = (2).

Share of property in income. Compiled from The Economic Al-

manac, 504-505;: and Jesse Burkhead, "Changes in the Functio- -

nal D1str1but1on of Income", Journal of the American Statis—

tical Association, Vol. 48 (June 1953) 192-219. Depx"ecl.a-L
tion estimates from Goldsmith, 427.] . *

t
Private non—farm GNP per man hour, 1939 dollars. Kendrick's

data, reproduced in The Econonic Almanac, 490.

Employed capital per man hour. Column (3) d1v1ded by Ken-
drick!s man hour series, ibid. J

Ad/i= B ()/() - (4) = AG)/6).

From ( 7 ) |' ) = ) ill
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to measure is the annual flow of capital services. ”Instead one must be
content with a less utopian est1mate of the stock of capital goods in ex1s
tence. All sorts of conceptual problems arise on th1s account., As a an_
gle example, if the capital stock consisted of a m11110n identical machlne
and if each one as it wore out was replaced by a more ‘durable machine of
the same annual capacity, the stock of capital as measured would surely
increase. But the maximal floJ of capital services: would be constant.
There is nothlng to be done about this, but someth1ng must be done about
the fact of 1d1e capaclty, Wth belongs in a productlon function is caplﬁ
tal in use; %ot capital ‘in plaﬁe. ‘Lacking any rell%ble year-by-year mea-
sure of the utlllzat1on of capmtal I have simply reduced the Goldsmith.
figures by the fraction of the labor force unemployed in each year, thus
assuming that labor and capltal ‘always suffer unemployment to the same
percentage. ;Thls is undoubtedly wrong, but’ probably gets closer to the
truth than maklng no,correctgon at all,3 ; i
- 7? Chert.z
0.08 0o o i oo

A A/A
0.06 |

0.04]

0.02 lf\;

o.oofpt LIV 1L

g,

l

"-0002 o

L "’09 04 o

0,06

;=008 40 a4 il
‘! 1909 1919 | 1920 ° 1939 1949

3 Another factor for which I have not corrected is the changing leugth
of the work-week Ags the work=Week shortens, the 1ntenslty of use of exis=
ting cap1ta1|decreases,'and the stock figures overestlmate the input of

capital servxces. :
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R The.share;of—capital seriestis;anothegfhodgepodge;fpieced together
*frqh various: sources and ad hoc assumptions (such’as Gale Johnson'sfguees

f’thafiabogt 35¢per;éent;of-non-farmfentrepreneufial=inebmetis’h return’ to
pfopérty); Only after these computations were.complete did I learnthat

- Edward Budd of Yale University hascompleted a:careful long-term study of

T : PR ER o . B 3 ’ R I

Chart 3
R S

g
B

J , .. T 1.2k

1.0k

1909 1919 71929 1939 1949

; L ‘ : b :
factor shares which 'will soon be published. It seems_unlikely that minor
changes in this ingfedient would grossly élter the final results, but I

~ bave no doubt that reflnement of thls and the cap1ta1 time-series would
3 . T i
: 'fﬁ*'

Lo Ty

produce neater results.

N !
i ¥ #

In any case, 1n (2&) or (2b) one can replace the tlme—derlvatlves by
' year-to-year changes and calculate qu/q - wk él k/k The result is an
estimate of Z& F/F or Z& A/A dependlng on whether these relative shifts
~appear. to be neutral or not. Such a calculatien 1s made in Table I and
~ shown in Chart 2. Thence, by arbitrarily settlng A(1909) I and using
‘the fact that A(t + I)'= A(t) (I +/ D A(t)/A(t)) one can successively re-

construct the A(t) time series, which is shown in Chart.3. -

I was tempted to end this sectlon w1th the remark*nhat the A(t) se-

»ries, which i'S-meant-to be a rough‘prof11e of technlcal ehange, t ‘least
Ar T - L. H



looks reasonable. But on second thought I decided that I had very little
prior notion of what would be nreasonable™ in this context. One notes
with satisfaction that the trend is strongly upward; had it turned out
otherwise I would not now be writing this paper. There are sharp dips
after each of the World Wars; these, like the sharp rises that preceded
them, can easily be rationalized. It is more suggestive that the curve
shows a distinct levelling—off in the last half of the 1920's. A sus-~
tained rise begins again in 1930. There is an unpleasant sawtooth charac-
ter to the first few years of the 13 A/A curve, which I imagine to be a

statistical artifact.

THE OUTLINES OF TECHNICAL CHANGE

—~

The reader will note that I have already drifted into the habit of
calling the curve of Chart 2 A A/A instead of the more general ZS F/F.
In fact, a scatter of VAN F/F against K/L (not shown) indicates no trace
of relationship. So I may state it as a formal conclusion that over the
period 1909-49, shifts in the aggregate production function netted out
to be approximately neutral. Perhaps I should recall that I have defined
neutrailéy ﬁb mean that the shifts were pure scale changes, leaving mar-

ginal rates of substitution unchanged at given capital/labor ratios.

Not only is A A/A uncorrelated with K/L, but one might almost con-
clude from the graph that A A/A is essentially constant in time, exhi-
biting more or less random fluctuations about a fixed mean. Almost, but
not quite, for there does seem to be a break at about 1930. There is
some evidence that the average rate of progress in the years 1909-29 was
smaller than that from 1930-49. The first 21 relative shifts average
about 9/10 of one per cent per year, while the last 19 average 21 per
cent per year. Even if the year 1929, which showed a strong downward

shift, is moved from the first group to the second, there is still a
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‘contrast between~an average rate.of 1.2 per centiin the :first-half .and
179 per~“cent in the second. Such-post hoc splitting-up of aiperiod.is
-always dangerous. Perhaps I should--leave it that there is.some evidence
~ that technical change (broadly interpreted) maywhave accelerated after
.1929 A IO A R S LR L . Ty FR o ,,.:>
h _ﬁ o The over—all result for the whole 40 years 1; an everage upward
shlft of about 1 5 per cent per year.' This may be compared Wi th a flgure
=N BRI D ¥
of about 75 per cent per year obtalned by Stefan Valavanls=Va11 by a
4

dlfferent and rather less general method for~ the perlod 1869- 1948 Aho;~
ther poss1b1e cOmparlson is w1th the outputeper—unlt—ofalnput computatlons
of Jacob Schmookler,5 which show an increase of some 36 per cent in outa
put'per unxt of input between theudecades 1904:}31§pd 1929-38. Our Aﬁe)
rises 36.5 per cent betﬁeen 1909 and 1934. But these are not really com-
%paraﬁle eétimates} gince Schmoekler“é fidureérinclude agriculture.

As!a last WELere}%c;nclu31on, after wh1ch I w111 leave the 1nterested

reader to hls own 1mpre531ons, over the 40 year perlod output per man

kY 1

hour approxlmately doubled° At the same tlme, accordlnv "to Chart 2,” the

;ﬂ:dcumulatxve upward shlft 1n the productlon functlon was about 80 per cént.
It is 90351b1e to argue that about onenelghth of the total 1ncrease is
:traceable to 1ncreased capltal per man hour, “and- ‘the" rema1n1ng ‘seven="
eighths to techn1cal chanwe. The reasonlng u;thls° real GNP per man

- hour increased from §. 623 to $1.275. . Divide the. latter flgure'by 1. 809;
"which is the 1949 value fer A(t), and thereforé.-the full. shift factor for

&'J‘the 40 years° The result is a "corrected” GNPuper man hour, net:of

- . i‘ . . s -

_ 4 S° Valavanls=Va11 - "An Econometrlc Model of Growth U S A, 1869~
1953, Amerlcan Econom1c ‘Review, Papers and Proceedlngs, XLV (May '
1955), 217. R Toe L - -

5 J. Schmookler, "The Changing Efficlency of ‘the American Economy,
1869-~1938," this Revies .(August 1952), 926, . .o P R
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technlcal change, - of $.705 | :Thus about 8 cents of the 685 cent.increase

.can be. 1mputed Lo . 1ncreased .capital 1nten31ty, and the remainder to

6 ; .

.increased productivity. |
qﬂ> .0f .course :tlHis is .not.meant - to-suggest that the observed rate of

=technical“progressm'would“have persisted:even if the rate of. investment
had been muech-smaller:or: had fallen ‘to “zero. 0bv1ous1y much, perhaps

.nearly=~all, <innovation: must :be vembodied.in.new plant -and equlpmentuto be

net capital formation as old—fash1oned -capital goods are -replaced by . t?e

.latest models,“so that: the&capltal—labor ratio heed not change systemati-

]
realized:at. all. :One- courd 1mag1ne ~this procesF ‘taking place w1thout

cally. ‘But-this-raises problems of .definition and measurement even more
form1dab1e than -the ones*already bllthely.lgnorpd. This whole aresc of

interest has been:stressed. ?y‘Fellner. } . ?

| : | i

"Fori compar1son,MSolom|

riod 1871—1951 about .90 peg :cent-of >the .increas

attr1butab1e to techniecal progress. hPresumably“this’figure‘is based-on

. ) |
on: Fabr1cant7 has esti mated that .over the pe-

%'in output pervcapita{is

the standard:sort of output—per-un1t—of—1nput calculatlon. ;
|
It might seem .at.first glance that calculatlons of output per unﬂt

of resource'inputiprovide-a relat1ve1y assumptxonmfree way . of measur1ng

[l
productivity changes. -Actually I think the. nmgllclt load of. assumptlons

is quite heavy, :and:if- anythlng the -method proposed above is consvderably

-more general, : ﬁ i !

. 1 W ’ i 2 i

. | : “ *

Not’only "does the.usual :choice .ofweights. for computing an aggregate

: ' !

e ﬁ i} : , E i
* -
[

s }’

6 For the.first.half. of the period, -1909=29, a .similar computation|

attrlbuth aboutrone-th1rdwof the observed increase in GNP per man=hour
to 1ncre?sed capital .intensity.

7 S, Fabrlcant ‘"Economic Progress and Eoonomlc Change, " 34th
Annn;l Report of the Nat1ona1 Bureau of Economic Research (New York,
1954




fimal2 =

K

1

resourceélnput 1nvolve someth1ng analogous to my assumptlon of - competltlve
factor’ markets, but 1n addltlon the crlterlon output + a weighted sum

of inputs would seem ta01t1y to assume: (a) that techn1ca1 change is neu= -
- traland (v) that: the- aggregate productlon function.is strlctlz linear.
'fgtThls.explalnSMWhy numerical results are so p}osely-porg11e1i£0r$the two

+‘methods.~ We.have. already verified_ the‘neutfalitx, and as willibe seen sub-

Lot seqnently, a strictly. 11near productlon funct1on glves an excellent f1t |
- -though: clearly inferior, to some alternat1ves.8 ST S B
ftg“‘*'df slenis e THES AGGBEGATE PRODUCTION FUNCTION el FER T |

= S 13/{ '..-'.Uf?'- » '» 'vava}‘v;_wx«( : "1 x,‘{ -«\3_‘61\ Lo : _» N '. 27! ’2 a‘? o ‘. ¢ ' . ; |

ﬁ».

Returnlng now to the agaregate product1:“ functlon, we have earnedm L =
_the r1ght to write it 1n the form (la) : By use of the. (Practlcally un“”]‘ |

» f avo1dab1e) assumpt1on of constant returns to scal®e; ‘this can be further -

,’t.!i\

whlch formed the ba51s of Chart‘I It was there noted that a sxmple plot :t; ?

;'of g agalnst k would glve a dlstorted plcture because of the shxft faetor

P PR . e T E P <. .
} . R ] * I é;;}'..‘i" . <5 - ;r__r-,.-zg;_ . ""?i’*"r.:‘? .

¥

L 8 For an excellent dlscusslon of some of ‘the problems, see M Abramo=_
ey yite ?Resources and > Output Trends jin : the U.S: since- 1870,% American Eco-
nomic.Review, Papers and Proceedlngs, XLVI (May 1956), 5=23.‘ Some of
"the questions there raised could in. pr1n01ple be answered by the method
used here., For example, the contribution- of 1mproved quallty of the labor
force ,could. Dbe handled by 1ntroduclng varlous levels of skilled labor as

. 'separate inputs,. I owe te Prof. T, Schultz a helnhtened awareness :
Q} that a lot of what appears as shlfts ih the product1on finction must re- :
present 1mprovement in the quality’ “of ‘the labor input, and therefore g

a result of real, capltal formation of an 1mportant kxnd. “Ner.ought it be
forgotten that even stralght technlcal progress has a cost sxde.
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'A(t), Each point would lde on .a different member of the family of pro

-13 = ;

Bt i e R
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i
duction curves., But we have now provided ourselves with an estlmatf of

the successive values of the shift factor. (Note that this estlmate 1s

quite 1nde2eudent of any hypothesxs about the exact shape of the produc
tion function.) It follows,from (3) that by plottlng q(t)/A(t) agalnst
k(t) we reduce all the observed p01nts to a 51ng1e member of the famlly

i
of curves in Chart 1 and we .can then' proceed to discuss the shape of 4

T

1
£(k, 1) and reconstruct the aggrewate production function. A scatter of

]
a/A agalnst K is shown in Chart_4o : ' o
N o . : i

! o
Q: . = Chart 4
I £ _ _ —
72 i ! 00.
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Considering the amountiof a priori doctoriﬂw which the raw figure$

have undergone, the fit 1s remarkably tight. Except that is, for ther

layer of p01nts wh1ch are obV1ously too hlgh. These maverick observatlons

relate to“the seven last yeérs of the period, 1943~49 From the way they

lie almost exactly parallel to the maln scatter’ one is tempted to conT

clude that in~"1943 the aggregate production funétlon simply shifted. But

the whole;earlxer procedure was de51gned to purlfy those p01nts from

‘ - l
! | “ |

o

e e A et e A R v e

ay
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»:shiftsin the functlon, so_that; way: out would .seen., to be-closed.:s I -

1..8uspect;;the: explanatlon -may lleh;nqsome systematlc 1ncomparab111ty of”’

;ke;the“cap1tal-1n—usef§er1es. In partlcular durlng the‘war?there was almost

«certalnly a more, 1ntenslve use of., cap1tal servxces through two~ and

—-(‘,—_o.”r.- e

three-sh1ft operation. than the stock f1gures would,show, even with the

*“Jprude*correctxon‘}hat has been. applled .ItrAE;Q§§11X3§e?P~Eh%§:§?ch an -

e T RIS

L underestimate oflcap1talulnputssleads to anfoeerestimate of, productivity

e 1ncrease.,~Thus§1n effect each of the affected p01nts should really lie.
hlgher and toward the right. But further analy81s shows that for the =
orders of magnitude 1nvolved ‘the net result would be to pull the obser~

vatlons closer to the rest of the scattero'

ST e T

At best th1s m1ght account for 1943=1945 There remalns the posgi—
- i*s -
war perlod._ Although it is poss1b1e that multl—sh1ft operation remained
o £ B
falrly w1despread even ‘after the war, it 1s_un11kely that this could be-

Qn

nearly enough to explaln ‘the whole dlscrepancy. One might guess that-
accelerated amort1zat10n could have resultedp1n an underestlmate of the

§
capltal stocklafter 1945 Certalnly other reiearch workers, notably
si :
Kuznets ‘and : Terborgh have produced oapltalwstock estlmates which rather

exceed Goldsmlth's at- the end of the perlod.n\But for the present, I
leave thls a_mystery. o - A '?;é
- T |:?'
In a f1rst~ver31on -of thls paper,~{ resolutely let the ‘recalcitrant
observat1ons stand as they were in a regress1on analysis of Chart 4,
malnly because ‘such casual amputatxon is a practlce I deplore in others.

But after . some‘experlmentatlon 1t seemed that to leave "thém in only led.

7 13 U = kg .
to notlceable dxstortlon of the results. So, w1th gome mlsg1v1ngs, in -
: B R cors 0N Lk ko wdma L Ty mead
e L S S B R S R T R E S

.
.l,‘tz“

It s cheer1ng to note that’ Professor Feliner 8 new “book' voices a

5-»susp1c10n that ‘the *postwar has seen:a: substantxalclncrease over,prewar

.in _the prevalence of{mult1=sh1ft operation. : See Tremds and Cycles in
Economlc Act1v1ty (New York 1956), 92, e vf” } .

§

3 2 SN S
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“but even sett1ng asxde all other d1ff1cu1t1es, such a scatter confefs n

capable of exh1b1t1nw d1m1nish1ng returns(except for the straight line,

! [ S L !

f' L8
e

the regre331ons that follow I have omltted the observations for 194§==

1949, It would be better 1ﬁ they could be otherw1se explained away.
) .]

Chart 4 g1ves an 1nescapab1e impression of curvature, of pers1stenr
but not violent d1m1n13h1ng returns. As for the possibility of approacpa

ing capltal-saturat1on, there is no trace on th1s gross product level | :

8

[~}

.

partlcular license to guess"about what happens at higher K/L rat1os tha

those observed : y ' - ﬂ

1l| D S oo q

As for f1tt1ng a curve'to the scatter, a Cobb—Douglas function’ comes

immediately to mlnd but - then so do several other parametrlc forms,lw1th

little tolchoose among them!. 10 I can't help fee11ng that little or noJ

thing hangs on the choice’ of functional form, but I have exper1mented thh
i
several. | In general I 11m1ted myself to two—parameter families of curves,f

f
linear 1nvthe parameters (f&r computational convenlence), and at’ least
E

which on thls account proved inferior to all others)

The partlcular poss1b111t1es trled were the following:

k|

9=a+Pk i (4a) ‘

q=a+ log k y 4b§_ - ;

aze-pfe | (4 C
log ¢ = a + 2 log k I §4d§ : r 7
logq-‘-‘a-{-’?k ' ﬂ 4e ' [,

b o ﬂ i

. o ok ! ! .
Of these, (4d) is the Cobb—Douglas case; (4c and e) have upper agymp=
totes; the semllogarlthmlc (4b) and the hyperbollc (40) must cross the ‘

horlzontal axis at a p031t1ve value of k and contxnue ever more steeply
H ";\

| | . o .
_ ﬁ . h. o | ! _ _— ;1
10 ]
A d1@cu531on of the same problem in a dlfferent context is to . be found
in Prais jand Houthakker, The Analysls of Family |Budgets (Cambrldge, En
gland, 1955), 82=88. See also S.dJ. Prais, "Non-Linear Estimates of the

Engel Curves,® Revlew of Economlc Studles, No. 52 (1952-53), 87-104.
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but- 1rre1evant1y downward (wh1ch.means only that some, positive k- must be.
~ach1evedwbefore~any-output is forthcomxngy»but-thlsvisufar outside the

_.range- of observat1on), (4e) beglns at the or}g1n ylth a. phase of increa-=

.. . -.8ing, returns and, ends w1th a phase of dlmlnlehlng returnsw; the p01nt of

S wta R REE A P

LT e lnflectlon oceurs qat k = /3/2 aud needless to say all~ our observed polnts

.

b

e
Sk

.. .;ae-
Pt

come well to the r1ght of th1s., . 7' e
LR T T R w Y P

The results of’flttlng these ifive . curvesuto the .scatter of Chart 4

are shown in Table 2. 7 ) o e e
5 " s > s (,": :"! . .
| TABLE g mEomTE e
T L‘J it ,,.:,; B ,’--,; PPER N

,‘,', w " -

“;438‘““ “091 7T Jhgsgr F e
448 .. .239¢ T 149996, .7 L4
L 0a917, - 618 ,,9964 .
v . o 729 WETEs ] - ,.353 R 9996 L I A
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The correlat1on coefflclents are, unlformly so h1gh that one hesi-
-tates to say any more- than that a11 f1ve functlons, even the linear one,
are about equalﬂy good at representlng the general shape of the observed

‘jp01nts. Fromsth correlatlonsalone, for what they are worth, it appears

that the Cobmeouglas functlon (44d): and the semllogarlthmlc (4b) are a

C 11 P P K

‘bit better than the others. ot oy S

Pt vt 13* R SRR R P S St Y Jelunz B0
“ . ,‘ o 3 ; e e e - . ;. ) oo 5 ’ .
. £ L;*} o OOt Eotwslr w e B DT Daleges alicos

o ll It .would be foolhardy for an out51der (or naybe even an 1n51dpf) to

hazard a guess ‘about the® statlstlcal properLles of’the‘bas1c time series.
A few general statements can be made, however. ( ) The natural way to
introduce an error term into the aggregate’ productxonmi‘unctlon Jis multi-
plicatively: Q 2 (I + w)F(K,L; t) In the neutral case it is apparent
‘that the error" factor will be ‘absorbed inte the.estimated A(t) Then ap=

O prox1mate1y~the serror in'Q A/A :'will bel Au/l. +ru. . If,u has zero mean,

.

the var1ance of-the estlmatedAA/A will be approx1mately 2(1 - p) var u,.
rxther’e .p is'-the flrstlautocorrelatlon of the .. series, (b) Suppose that

. s o -
N . o
. e S e PR -
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Since all of the fitted curves are of the form g(y) = a +/@ h(x),
one can view them all as linear regressions and an interesting test of

goodness of fit proposed by Prais and Houthakker (ibid., page 51) is

available. If the residuals from each regression are arranged in order

of increasing values of the independent variable, then one would like this
sequence to be disposed "randomly®™ about the regression line. A strong '
"serial® correlation in the residuals, or a few long runs of positive re-
siduals alternating with long runs of negative residuals, would be evidence
of just that kind of smooth departure from linearity that one would like to

catch. A test can be constructed using published tables of critical values,

This has been done for the linear, semilogarithmic, and Cobb-Douglas
functions. The results strongly confirm the visual impression of dimini-
shing returns in Chart 4, by showing the linear function to be a systema—

tically poor fit. As between (4b) and @d) there is little to choose.12

A NOTE ON SATURATION

It has already been mentioned that the aggregate production function

shows no signs of levelling off into a stage of capital-saturation. The

marginal productivity distribution doesn't hold exactly, so that K/Q0Q/dK
W) + Vv, where now ¥ is a random deviation and wy is the share of property
income. Then the error in the estimated AA/A will be ¥ Ak/k, with va-
riance (Zkk/k)2 var v. Since K/L changes slowly, the multiplying factor
will be very small. The effect is to bias the estimate of DA/A in such
a way as to lead to an overestimate when property receives less than its
marginal product (and k is increasing). (e¢) Errors in estimating A(t) en-
ter in a relatively harmless way so far as the regression analysis is con-
cerned. Errors of observation in k will be more serious and are likely to
be large, The effect will of course be to bias the estimates of/3 downward,

12 The test statistic is R, the total number of runs, with small values
significant, For (4a), R = 4; for (4b), R = 13, The 1% critical value
in both cases is about 9, '
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‘two-curves in*TabléizxﬁHich hevéﬁﬁppér asymﬁtoteﬁ Gc and e) happen te lo— -

cate that- asymptote at:about the ‘same - place.; The 11m1t1ng values+of q are,

-respéctively,:;,92.and*,97; Of course’ these are both tiue . asymptotes, ap-"

o proached ‘but: not-reached: for any “finite .value:of k.* It could not be other~

wise: no-analytic. funct1on caii- suddenly Tevel off: and become constant un=

- less it has always been constant.’ “But on the -other -hand, ' there is no reaw_

son“to expect nature~to be infinitely dlfferentlable° ,Thns ‘any’ ‘éoniclusions

‘extenditig beyond.thefrange ‘actually -observed-in Chart 4 are neoeSSarily'

treacherous; * Bdt’*‘ t‘ongfi‘e-in cheek""if we take ,957as ‘a’guéss-at the satu-

‘ ration level of g, and-use the 11near functlon (4a) (whlch will ‘get there

~~~~~

) to be about 5 7,;more than tw1ce 1ts present value.

7~ Butall this-is’'in terns of g;oss output whereas for ‘analytic pur—

poses we are interested’in the net’ product1v1ty of -¢apital, The difference
between the two is depreciation, a'subject'abont which I do not feel able
to make guesses. It there were‘more certalnty about the meaning of exis=

ting estimates.of depreclatlon, especlally over long periods of time, it

>;wou1d have been better to conduct the whole analysls 1n terms 0f net promf

éuct}??:ﬁfw bash ke L : ';a% - [ T ST

However,'one can say this. Zero net marg1nal product1v1ty of capltal

[N S

sets in when gross marglnal product falls to - the “marglnel rate of deprem

B

;clatlon,l 1 e._when addlng some capltal adds only.enough product to make

»good the depreclatlonhon the 1ncrement of capltal 1tself** Now in recent

.\3

: iE
, years NNP has run a blt over 90 per cent of GNP so capltal consumntmon

“is*a. b1t under 10 per cent of: gross output From Table I it ‘can be read
;that capltel per unlt of output 1s, say, betWeen 2 and 3. Thus annual

t3'depreciat10n 1s between 3 and 5 per cent of the eapltal -stocks Capltalu'

saturat1on would occur whenever the wross marglnal prodnct of capltal

fn}ls.to 03- 05" Us1ng (4b), thls would happen at K/L ?&MIOS(Of around

RN

h% %a:fn gt & L. Oledd
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"5 or higher, stxll Well above-gnyth;ng‘ever obgerved.. . ,
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BT ol soommy 0
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P
; r This paper has suggested a 51mple way of segregatlng shifts of
'! aggregate product1on functxon from movements alongiit. The method rests

on the assumptlon that factors are pald thelr marglnal products, butrlt

ﬁLnopollstlc factor markets.f Among the ﬁonm;

could ea811y be extended to

clusions whlch emerge fro &fcruﬁe_appllcat;on tol American data, 1909=,
¢ RS S T T S ' I -
: 49 ‘are the follow1ng i - B _ :
:‘ - : : 3 N B . o v L
f : ion R ' - : A
_ 1. Techn1cal change durlng that»perlod wasdneutral on average. .
f : 1N . . l
t 2. The upward shlft 1n;the product1on functlon was,'apart from flucf
3 ; g . L
J tuations, at a; rate of about!one per cent per yea% for. the f1rst half of
Ao o N
ff : the perlod and 2 per cent p%r year for the last half ) : I}
; 3. Gross outpu fper manrhour doubled over the ihterval with 87“ per

' cent of the 1ncrease attr1butable to technlcal change and the remaln}ng
. . . § : ‘ : |‘| )

lzé.per.cent to 1ncreased use of capl’_cal° ,?—v S : W
S : _| . _ I R Lk
¢ d

e

~ 4;'The aggregate product1on function, correcﬁed for technical. change,
gives a dlstluct 1mpre831on of dlmlnlshlng returns, but the eurvatuf% lJ
. i 1§ . . o
. kat v101ent Q% B R R 'f ﬁ
SR |- ; I
; | R oy
: oo L RN A — 0
13 P o ] b
And this 1s under relatlvely pessimistic’ assumptlons as to hew tech-
nical change itself affects’ the rate of capital qonsumptlon. A warnxng
is in order here: I have left Kendrxck's GNP:data in. 1939 prices: and
Goldsmith's capltal ‘stock flgures in 1929 prlces. Before anyone uses the
N /3'5 of Table 2 to reckon a* y1e1d on capital or dny similar number,glt
- - 1s.necessary to con ert g and K to a comparable ﬂrlce basis, by an easy .
’ calculatxont’ : i : R N #. '
e /mapv o . : T ]
St 1 Lk
; | i
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